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ABSTRACT
The three most important deformation systems in metals and 
alloys are (i) slip, (ii) twinning and (iii) transformation to 
product phases labelled martensite by the motion of an invariant 
interface. The physical and geometric criteria for slip and twin- 
ning to occur now appear to be well established and satisfied by 
the majority of observations. The situation regarding martensit- 
ic transformations is less satisfactory, however, and an increas­
ing amount of evidence over recent years suggested the inadequacy 
of the standard theories first published over fifteen years ago. 
Recent detailed evidence for iron alloys, especially, indicated 
realistic ways to extend these theories and the major part of the 
thesis introduces a resulting generalized, essentially geometric 
treatment of martensite crystallography which is applied in detail 
to transformations in iron and titanium alloys•
The transformation phenomena of deformation twinning and 
martensite are closely related but no single theory encompassing 
both has been published. An elegant general theory is therefore 
presented, which covers both types of transformation as degenerate 
cases. In addition, a further degeneracy enables the examination 
of strain-related lattices to be conducted for the first time.
The martensite degeneracy is identical to the previous generalized 
theory and its inherent algebraic sophistication complements in a 
very satisfactory manner the geometrical emphasis of the 
former treatment.
The occurrence of single and multiple homogeneous invariant 
plane strains and the use of matrix algebra to describe them, is 
common to the plane plastic strain deformation of crystals treated
and discussed as the final topic. Although susceptible to an 
approach similar to that involved in the other transformation 
phenomena, a homogeneous plastic strain approach is adopted for 
preference and the permissible crystal orientations for multiple 
slip obtained. The results are directly applicable to the 
plastic bending of crystals.
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CHAPTER I
INTRODUCTION
1*1 General Introduction
Among the group of technologically important solid state 
phase transformations in metals and alloys is the class of trans­
formation labelled 1martensitic*i These are partly characterised 
by the absence of atomic diffusion, hence the alternative label 
’diffusionless•• Regions of material undergoing a martensitic 
change of phase by cooling and/or stress inducement manifest 
themselves, ideally, as platelets which lie embedded in the 
matrix along certain well defined planes which define the inter­
face separating parent and product phases. In practice, however, 
the matrix constrains the transformed material to realize a 
lenticular shape similar to that adopted by deformation or mecha­
nical twins. Where these plates intersect the surface of the 
metal or alloy in which they form, surface upheavals are caused 
which displace scratches inscribed upon the surface prior to 
transformation. From the continuity of these scratches and 
observations made on the plate itself, Bowles and MacKenzie^ 
were led to the conclusion that the total shape deformation 
associated with the transformation was essentially an invariant 
plane strain. In such a deformation,one plane is left macro- 
scopically undistorted and unrotated and points adjacent to this plane 
move in a characteristic direction by an amount proportional to 
the distance of that point from the plane. This invariant plane 
is then identified with the interface plane or as it is more 
commonly referred to, the habit plane. The nature of the measure­
ments suggested that vectors in this plane were rotationally
invariant but the measurements were not sufficiently accurate to 
the observation of small length changes of the vectors.
The crystallographic features of relevance and which define 
a particular transformation, therefore, are i) the habit plane, 
ii) the direction and magnitude of the total shape deformation 
both of which may be determined from the displacement of the 
scratches, and finally iii) the orientation relationship giving 
the angles between particular close-packed planes and directions 
of the parent and product phases i The habit plane normal and 
direction of the total shape deformation will be represented 
in this thesis by v and d respectively, given relative to the 
parent basis. In addition, the magnitude of the total shape 
deformation will be represented by y. The first successful 
theories to predict the above crystallographic features attendant 
to particular transformations were published about fifteen years 
ago and all assume the total shape deformation to be essentially 
an invariant plane strain F resolved into the product of three 
component deformations. These will be represented by R, P and S 
so that the phenomenological standard theories of martensite 
crystallography are based on the equation
F = H P S . (1.1)
Briefly, the parent lattice is deformed into the product lattice 
by a lattice deformation D. This is resolved into a rigid body 
rotation R and a pure lattice deformation or pure strain P which 
causes three mutually perpendicular vectors to remain perpen­
dicular although rotated and changed in length. The vectors are 
termed principal vectors and their changes in length termed 
principal distortions. In general, however, a pure strain does 
not leave any plane invariant and an additional deformation must
accompany P. This is represented by S which is assumed to be 
a simple shear, either slip or twinning* These cause no change 
in lattice structure and hence the additional shear is termed 
a lattice invariant shear, hereafter abbreviated LIS. Once 
the plane and direction of this shear is specified, the magnitude 
of the LIS required to produce an undistorted plane can be de­
termined and this may be made invariant by application of a 
suitable rotation R. This plane is identified with the habit 
plane, R defines the orientation relationship while manipulation 
of the basic equation provides the magnitude and direction of the 
invariant plane strain..
The deformations represented by the 3 x 3  matrices F, R,
P and S in equation (l.l), all have geometrical analogues and
this is perhaps the most instructive way in which to examine the
theories* From this viewpoint it becomes clear that the critical
point of the procedure lies in determining a value for the
magnitude of the LIS such that the total shape deformation has
principal distortions of values respectively greater than, equal
(2)to, and less than unity • The pure strain and its own
principal distortions are completely determined upon specification
of a lattice correspondence which is 3 x 3 matrix defining how
sets of planes and directions transform between the parent and
product lattices. The choice of correspondence is not unique
but seems to be governed by the plausible assumption that the
principal strains, or alternatively, atomic displacements, shall
be as small as possible. In most cases, there exists little
or no ambiguity in the choice of correspondence but for more
complex transformations as for example that occurring in $ a
(3)uranium, trial and error procedures have to be adopted . In 
this event, the operative correspondence will result from the
competing factors of the size of the principal strains and the 
complexity and magnitude of the necessary atomic shuffles. In 
summary then, a knowledge of the lattice parameters of parent 
and product lattices, a choice of lattice correspondence together 
with an assumption of the plane m and direction £ of the LIS con­
stitutes the information required as data for the theories.
The LIS is generally assumed to he one of the deformation modes 
of either parent or product lattices. Thus, in the case of 
twinning, a substructure consisting of twin related lamallae 
should result while for slip, either a homogeneous plate should 
occur or one containing stacking faults if the Burgers vector 
of the associated dislocations is not perfect. The LIS may 
occur, physically or mathematically, either in the parent or in 
the product but this is immaterial as the order of the matrices 
defining the various deformations in equation (l.l) in no way de­
fines a physical time sequence of events, these occurring simultane­
ously at the interface as it propagates.
The first of the standard theories based on the concept of a
macroscopic ally invariant interface was the Wechsler, Lieberman
and Read theory, to be referred to hereafter by WLR, published in
1953. The Bowles and MacKenzie (BM) theory developed at the same
time but not published until 1954, is an essentially equivalent
theory but with the advantage of an added degree of flexibility.
Finally, in 1956, a third theory by Bullough and Bilby (BB) was
published, equivalent to its predecessors but with the advantage
of allowing some insight into the physical processes occurring at
the interface separating the phases. These theories have been
(2 4-7)discussed and compared m  detail by several authors 5 and 
the same ground will not be repeated. However, reference is made
to each theory in course of the thesis and it has been found in­
structive, therefore, to briefly review each in turn in Section
1.2 of this introductory chapter. A brief discussion of the 
theories follows before Section 1.3, which presents mention of 
the most important ferrous and non-ferrous transformations to 
which the theories have been applied in addition to discussing 
the minor generalization which have appeared in the literature. 
Sections 1.4 and 1.5 analyse in some detail, the crystallography 
of transformations in uranium-molybdenum alloys and crystalline 
mercury respectively, the relatively low symmetry of the phases 
concerned in both transformations providing critical tests of the 
theories. Following, in Section 1.6, is a discussion of the most 
relevant recent developments in the crystallography of martensitic 
transformations including two recent theories developed solely 
to explain the occurrence of a certain martensitic transformation 
observed in many iron alloys. In addition, important experi­
mental results concerning the length changes of vectors within 
the habit plane are presented and their relevance emphasised. 
Section 1.7 discusses the evidence recently published for three 
distinct alloy systems concerning the nature of internal sub­
structures inconsistent with the predictions of the standard 
theories. The introductory chapter concludes with a discussion 
of the current status of the standard theories and describes 
the modifications required in light of the documented evidence.
A resulting, generalized theory is presented in Chapter 2 and 
brief mention of this and the remaining chapters constituting 
the thesis is included in the general discussion section.
1.2 The Standard Theories of Martensite Crystallography 
1*2.1 Wechsler, Lieberman and Read Theory (1953)
The essential feature of this theory lies in solving the de- 
i T iterminental equation |F F — 11 =0. Here, F represents the total 
shape deformation referred to a convenient orthonormal basis, I is 
the unit matrix and the superscript T denotes transposition. 
Geometrically, a sphere of parent material is transformed by the 
homogeneous pure strain into an ellipsoid which intersects the 
sphere in two ellipses defining the terminal points of vectors 
left unchanged in length, providing the principal strains are not 
all the same sign. Having chosen a plane and direction for the LIS, 
the above equation then provides a quadratic in g, the shear strain 
magnitude, such that the first ellipsoid is sheared into tangency 
with the sphere along the unit principal axis of the total shape 
deformation. This axis or vector thus remains length invariant 
as a result of the composite deformation of P and S. The habit 
plane can then be found from the vector cross product of this 
vector and a second undistorted vector which lies at the inter­
section of the shear plane and the cone of undistorted vectors 
resulting from the pure strain P. The undistorted plane con­
taining these two vectors is reverted to its original position 
by a suitable rotation R and then identified with the habit plane 
v . It is important to note, however, that the theory only gives 
real solutions if the shear plane and the cone actually intersect.
The theory in its original form was specifically applied to
/ o \
the f.c.c. -*■ b.c.t. transformation in steels and subsequently
extended and applied to the b.c.c. -*■ f.c. orthorhombic transforma-
(6 7)
tion in Au-Cd alloys * • However, reasonable agreement with the
experimental measurements of the steels transformation producing 
{225} habits was not resolved until the publication of the Bowles 
and MacKenzie theory with its extra flexibility.
1.2.2 Bowles and MacKenzie Theory (195*0
The formulation of the theory had to take into account the 
relief effects observed when plates of martensite intersect the 
surface. Accordingly, the shape deformation was assumed to be 
an invariant plane strain apart from a uniform interfacial 
dilatation 6 the variation of which gives the theory a one di­
mensional degree of flexibility. Although the mathematical 
treatment differs from that adopted by WLR, the theories do con­
verge when 6 = 1 as has been shown algebraically and geo-
(p U-7) 
metrically * •
1.2.2.1 Twinning in Martensitic Transformations
An important assumption exists in the BM theory regarding 
choice of the elements of the LIS which are restricted to be twin­
ning elements of the product phase. The correspondences giving 
rise to twin related regions are crystallographically equivalent
and this implies the twinning plane in the product phase must
(I4. 7 o)
derive from a mirror plane in the parent * * .  In conventional 
twinning terminology, this restricts the twins to be Type I with 
rational K* and 112* However, previous proofs of this restriction 
have been unnecessarily complicated and have disregarded Type II 
twins with rational K2 and ni* The full restrictions on the 
twinning elements associated with crystallographically equivalent 
correspondences may be deduced as follows
Consider two parent bases C]_ and c2 related by the equation
wv **
c2 = G C| (l«2)
where G represents a symmetry operation of the parent lattice.
As a result of the lattice deformation D, c^  and c2 are transformed 
into product bases p1 and p2 respectively such that
Pj = D Ci and p2 = D c2 . (1*3)
If pj and p2 are twin related then
p2 " R Pi (l.*0
where for Type I and Type II twins respectively, R is either a 
reflection in Ki or a rotation of tt about m . Combining equations 
(l.2)-(l.4) gives
D**1 R D = G (1.5)
where D*"1 R D = R is a similarity transformation giving the form 
adopted by R in the parent lattice. Multiplying (1.5) by itself 
and noting that R2 = I where I is the unit matrix gives R2 = G2 = I. 
Hence, for Type II twins the twinning direction derives from a 
rational two-fold parent axis or in degenerate cases from a four or 
six-fold axis. Similarly, for Type I twins the twinning plane 
derives from a rational parent mirror plane. Of course, as Type 
I and II twins are conjugate to each other it follows that the 
conjugate twinning plane for Type II twins derives from that 
parent mirror plane normal to the even-axis of symmetry which be­
comes the twinning direction, while for Type I twins the conjugate 
twinning direction must derive from the normal to the parent 
mirror plane which becomes the product twinning plane. The con­
sequences of this analysis are examined in detail for the parti­
cular example of the y ot transformation in U-5 at.$ Mb alloys in 
Section l.lf.
Finally, it is interesting to conjecture on the physical dis­
position of rotation twins within martensite plates for which 
Rn * I* Of course, for n = 2, conventional lamellae regions 
occur. However, upon placing n = 3, ^ or 6 the substructure 
would consist of prismatic Volumes of twinned material of the 
form indicated in Fig. 1 with the normal to the plane of the dia­
grams being the n-fold twinning axis, where the differing capital 
letters in the figure represent regions of differing orientation.
Such twins are not capable of being induced mechanically, however, 
but are observed as growth twins in minerals
1*2.3 Bullou^i and Bilby Theory (1956)
This, the most elegant formulation of the standard theories,
is based on the dislocation description of the interface separating
two volumes subjected to differing deformations and is a degenerate
(12)case of the theory of the continuous distribution of dislocations 
The undistorted lines of the deformation, which lie in the interface 
at the intersection of the habit plane and the shear plane of the 
LIS, are the interfacial surface dislocations responsible for 
plate growth. The theory thus provides a simple mechanism capable 
of explaining a glissile interface through the medium of a parallel 
array of like dislocations.
Besides this advantage, the conditions for real solutions to
exist also acquire simple interpretation. These conditions, from
(7)geometrical reasoning , are (i) the shear plane m must intersect 
the cone of vectors left undistorted by the pure strain and (ii) 
the plane normal to the shear direction £ must intersect the cone 
of plane normals left undistorted by the pure strain. Calling the 
principal strains (i * 1, 2, 3), it follows that these two
10 -
Figure 1 . The possible disposition of n-fold rotation twins 
in martensite plates. The capital letters A-F 
denote regions of differing orientation.
geometrical conditions degenerate into the two following re-
(13 1^ )strictions christened M and L restrictions * respectively:-
M RESTRICTION: mf (l - 112H 1 - 03) + m2 (1 - ni)(l - 03)
+  ml (1 - n?)(l - 112) <  0
L RESTRICTION: s .\ nf (1 - nf)(l - n|) + rtf (1 - n?)(l -• nl)
+ i\ ni (l - niMi - nf) < 0.
These restrictions therefore limit the choice of the plane m
and direction £ of the LIS, the indices of which must be given 
relative to the orthonormal basis in which P becomes diagonal.
In addition, they may be conveniently represented stereographical- 
ly^l3*l^), and provide a single way of assessing the possible
occurrence of a particular deformation mode in a given transforma-
^ ^ ( 3 )  tion process .
The BB theory is identical to the WLR and BM formulations
but its more convenient mathematical notation is largely responsible
(13 15)for its use m  large scale numerical predictions * .
1.2.1+ Discussion
The three versions constituting the standard theories of 
martensite crystallography produce, in the general case, four 
values for the undistorted plane v with four corresponding values 
of d, the direction of the macroscopic shape deformation. Each 
solution is then associated with one of a pair of values of both 
y , the shape shear, and g, the dislocation shear which for 
twinning is a measure of the volume of twinned material. Finally, 
each solution will be associated with an individual orientation
12 -
relationship and it is that solution which corresponds to a minimum
/ ip 1C \
y and/or g which is expecited to occur in practice * . The
four particular solutions for the general case degenerate into two 
or sometimes one crystallographically distinct solutions and the 
conditions on m and & for this to occur have been well documented^*^
These crystallographic features are common to a further type 
of theory developed, again, some 15 years ago, based on the 2-
(i6)
dimensional matching procedure of Frank . Thus, the theory of 
(17)Bilby and Frank considers the 3-dimensional matching of tri­
angular prisms formed by the lattice lines of the two structures,
and was applied to the martensitic transformation observed by
(18}
Greninger and Troiano in an iron-nickel alloy. The hypothesis 
on which the theory is based is, again, the existence of an in­
variant plane and the resulting crystallographic predictions are 
identical to those of the WLR, BM and BB theories.
Apart from minor generalizations, the theories of martensite 
crystallography have remained unaltered for some 15 years. The 
theories, in algebraic and stereographic form, have been applied 
to many categories of phase transformation during this period, 
in particular martensitic transformations in iron alloys, and the 
generalizations together with a brief account of the most important 
of the applications are discussed in Section 1.3. The vast majority 
of transformations to which the theories have been applied concern 
parent and product lattices of relatively high symmetry. However, 
in Sections l.k and 1.5, the standard theories are applied in 
detail to two transformations involving lattices of relatively low 
symmetry which should therefore be a good test of the theories.
1.3 Applications of the Theories
1.3.1 Ferrous Alloys*
Transformations in ferrous alloys are characterised by the de­
gree of alloying and nature of the alloying element(s). Depending 
on these factors, the habit plane of the resulting martensite 
plate obtained by cooling through the transformation temperature M ,
D
will lie roughly in the stefeographic region bounded at one end by
the {225} and {W»9) poles and at the other by the {259) and 
(6 *7 is)
{3*10,15}^ poles 9 9 . Broadly speaking, carbon steels exhibit
(225)^ , habits for carbon contents within the range 0.^-1.5#. Above 
this range, the tendency is for habit planes at the other end of the 
scale, near {3,10,15}^, to occur. However, the addition of further 
alloying elements may complicate this categorization. Thus, the 
well established Fe-22# Ni -0.8# C alloy was observed by Greninger
/ 1 o \
and Troiano to contain plates with {3,10,15}^ habits. The ob­
served orientation relationships also depend on the alloying ele­
ments and have proved an important factor in subsequent theoretical 
developments which are discussed later.
All applications of the theories, regardless of the observed 
habit plane, assume the correspondence first described in 192k by 
Bain. The principal strains of this the Bain correspondence, which 
is shown in Fig. 2, are of the order of 12#, 12# and -20# and al­
though rather large, far exceed those of the next most likely 
possibility. The Bain correspondence is therefore used in all 
applications of the theory of transformations in steels.
* The subscripts y and a label, for transformations in steels, the 
f.c.c. austenite andb.c.t. martensite phases respectively.
3A -
[oox]Y f°01b
d • h
[100]
[010]
/
.00]
Y
Figure 2 . The Bain .Correspondence.
Shown inscribed within two f.c.c. cells drawn "bold 
is the dashed tetragonal unit cell which becomes9 
on application of the pure strain9 the product 
tetragonal cell.
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The theories begin to diverge upon the choice of the elements
of the LIS. For the {3,10,15} case, both the WLR and BM theories
Y
assume the occurrence of a {112} <111> twinning shear. By taking
(X
the lattice parameters for the nickel-carbon alloy determined by 
Greninger and Troiano, good correlation is found for the habit 
plane and orientation relationship although a small dilatation 
enables even better agreement to be obtained. To predict the 
{225}y habit, BM simply increase 6, keeping the twinning system 
unchanged until for 6 = 1.015 a habit plane close to {225}^ is 
obtained. WLR, however, without the dilatation facility, were 
obliged to suggest a different shear system of the form {011} <211>
CL
to give reasonable agreement.
Subsequent detailed experimental work has confirmed the pre­
sence of {112} twins within plates of martensite, of the variant 
a
predicted by the theory, for both {3,10,15}^  and {225} habits.
This would seem to justify the BM theory. The uniform, inter­
facial strains of 1.5$ are, however, rather large and consequently 
attempts were made to predict {225}^  habits without recourse to 
dilatation parameters. These attempts were based on the conditions 
under which one shear may be decomposed into a pair of shears.
Ihese conditions, which impose no restriction on the magnitudes of 
the shears, are that either the shear directions cr the shear 
planes of the component shears are identical^. With the 
advent of high-speed digital computer techniques, Crocker and 
Bilby^^*^^ using the BB theory and the Greninger-Troiano lattice 
parameters analysed some 3000 habit plane predictions by choosing 
as data low indexed slip and twinning elements of parent and pro­
duct phases. By fixing one element and allowing the second to 
rotate by 5° intervals, some 337 deformation modes were analysed. 
With regard to the {225}^  habit, a suitable prediction consistent
-  16 -
with low or minimum values of g and y, was obtained by assuming
a {11, 10, 12} <211> mechanism. Unfortunately, this shear, a
resultant of shears on {111} <211> and {011} <211> systems, is
y  y
difficult to reconcile with a glissile interface besides having 
received no experimental verification. The need for a more 
generalized LIS mechanism wras emphasised.
* (19)A similar generalization occurred, subsequently, when Crocker
analysed the further possibility of resolving a single shear into a 
pair of component shears possessing a common plane of shear, to­
gether with a rotation normal to this plane. The resulting pre­
dictions were inconsistent with the ciystallography of {225}^ . 
habits and again emphasis was placed on the need for a generalized 
theory incorporating multiple LIS in an unrestricted manner.
An early attempt to explain the occurrence of {225} habits
^ )
was made prior to the advent of the standard theories, by Frank
who based his explanation on the assumption that the two close packed
planes, (ill) and (Oil) , meet in the interface. As a result, the 
Y a
corresponding close packed directions [Oil] and [ill] are parallel.
y ®
The slight difference in interplanar spacings requires the two 
planes to slightly misorient themselves about a line in the inter­
face parallel to the close packed directions. Finally, to com­
pensate for the difference in the atomic separations along the two 
close packed directions, an anisotropic distortion of between 1.5 
and 2% has to be invoked. The theory of Frank and the equivalent 
theory of S u z u k i a r e  the only accounts investigating inter­
facial anisotropy and then only for the {225}^ habit in steels.
The success of these and the standard theories may, of course, 
only by gauged by comparing predictions with accurate and detailed
- IT -
experimental results. Such measurements have been made recently
(21)
hy Morton and Wayman on an Fe-7.90# Cr -1.11$ C alloy. The 
measurements include interferometric analysis to ascertain the 
degree of anisotropy, and scratch displacement techniques to 
determine the magnitude and direction of the shape strain in 
plates possessing (225)^ habits. It was concluded that the in­
terference microscopy results were incompatible with the analyses 
of Frank and Suzuki and the distortion in the interface, if any, 
was isotropic. The difference between these two theories and 
experiment was further emphasised upon obtaining the orientation 
relationship. The angular, separation of the close packed planes 
(lll)^ and (°H)a was found to be 0.h5°9 not inconsistent with the 
proposed value of Frank. However, the close packed directions
[Oil] and [111] required to be parallel did in fact differ from 
Y ®
parallelism by 0.53°* Equally inportant was the conclusion
reached concerning the inter-relationship between the shape strain
and orientation measurements. Thus, assuming the original BM
proposal leads to an incorrect orientation relationship. The
BM requirement regarding the LIS is for a (101) [lOl]^ system.
The results were consistent with a [lOl] direction but for a plane
Y
away from (101)^ towards (lll)^. The relation between this and 
the observations on internal fine structure are discussed in de­
tail in Section 1.7 but the important point is the inability of the 
BM theory to predict wholly consistent results.
1*3*2 Non-Ferrous Alloys
Many transformations in this category involve parent phases 
with a b.c.c. lattice and product phases with lattices of 
orthorhombic symmetry. Included, therefore, are transformations
in zirconium and titanium whose hexagonal product structure may­
be referred to an orthorhombic basis, together with those occur­
ring in certain copper and uranium base alloys. Also included 
in this group is the well known Aii-l+7*5$ Cd transformation but 
this is best classified in a separate category labelled ’single 
interface transformations* which also incorporates the f.c.c. 
to f*c.t* transition in In-Tfc alloys. In such cases, the inter­
face between phases extends over the entire surface of a single 
crystal of material. The need for the matrix to constrain the 
transformed region is therefore absent and there are no accom­
modation effects to complicate the crystallography. As a re­
sult, the theoretical predictions of the standard theories are
(6 7)
in satisfactory agreement with experimental results 9 • The
remaining transformations are less straightforward but it seems
that the best correlation between theory and experiment for the
titanium and zirconium alloys occurs when uniform dilatations in
(7)
the interface are present • Detailed numerical predictions
(13)at the time for martensiti c  transformations in U-Cr alloys 
were of little use because of the lack of experimental data. 
However, interesting information regarding the internal sub­
structure of martensite plates produced during the phase trans-
(22)formation m  U-Mo alloys has recently been published by May 
and this transformation together with the stress induced trans­
formation in crystalline mercury constitute Sections l.U and 1.5-
1.1+ y a Transformation in Uranium - 5 e.t.% Molybdenum Alloys
1»^*1 Introduction
By a suitable combination of alloying and quenching, trans­
formations of particular interest may be examined in the uranium
system. Thus, the U-5 at,% Mo alloy system will produce a 
b.c.c. to orthorhombic transformation, the parent and product
phases being labelled, by convention, y and a respectively.
. (22)Using transmission electron micrography, May was able to
examine the substructure of martensite plates produced during
transformation and found the plates to be twinned. Electron
diffraction patterns taken from the twinned product enabled May
to index the twins and deduce a correspondence. Definite evidence
existed for both {130}^ and {021}^ twins, good evidence for
{112>a and some evidence for {111}^ twins. A knowledge of the
possible deformation twinning modes of a-uranium does in fact
indicate that these transformation twins are to be expected since
the four modes above are amongst the 5 deformation modes with the
smallest twinning shear. The absence of the remaining twinning
mode can be explained by the magnitude of the atomic shuffles re-
(23)quired to reconstitute the lattice .
The correspondence determined by May is indicated in Fig. 3
together with another correspondence suggested by Christian in an
(24)earlier theoretical analysis • In matrix form, where the sub­
scripts C and M denote Christian and May, the correspondences may 
be written
ro 0 2 3 3 2
(oCy)C = i 1 1 0 and ( C ). = J a y M 1 1 2
1s» 1 () 2 2 0J
Using these correspondences, the relation between directions and 
planes in each phase may be written £ = C £ and
«»«■* ««, i *»i
ma = ny (qpy)"1 • Taking the lattice parameters of the parent
, . o , o - o
and product phases to be aQ = 3*465 A and a = 2.854 A, b = 5*o69 A,
- 20 -
Figure 3 . The-Two Lattice Correspondences.
(llO) projection indicating Christian’s cor­
respondence (a) and May’s correspondence (h) 
together with the necessary atomic shuffles in­
dicated hy arrows. The dots and crosses in­
dicate, respectively, atoms in and below the 
plane of projection.
c a ^.955 A respectively, immediately gives the principal strains 
for ( C )r to be 1*1$, -17*6$ and 19.8$. The corresponding valuesO Y 1/
(‘
for (aQy may be determined from established algebraic procedures
and are found to be 1.1$, 9*2$ and -9«7$- Clearly, therefore,
the correspondence of May is preferable on the grounds of minimum
principal strains and its favour further enhanced by the magnitude
of the shuffles associated with the pure strain which are less than
(3)half those associated with that of Christian . The remaining 
data, the indices of the LIS, may be obtained by knowledge of the 
mirror planes and even-fold axes in the parent which, from the re­
sults of Section 1.2.2.1, give rise to Type I and Type II twins re­
spectively.
1.U.2 Results
1.1*.2.1 Type I Twinning Lattice Invariant Shear
According to the Hi theory, the rational Kj composition planes 
derive from parent mirror planes which, in ab.c.c. lattice, are of 
the form {100}^ and {110}^. The nine planes are represented in 
Table 1 under the first column labelled adjacent to which is the 
column headed m^ giving May's correspondence - related product 
planes. Of these planes 2, 6 and 9 are crystallographically 
equivalent to 1, 5 and 8 respectively and need not be considered 
further while 7 is a product mirror plane, incapable of operating 
as a twinning plane. The remainder are all potential transforma­
tion twinning planes with indices {ill}, {112), (021), {110} and 
(130). Although only {021} and {130} twins have been observed 
in practice, both *{172}' and *{176}* have also been observed, 
these being reciprocal to {112} and {ill}. Further, {110} is 
the plane reciprocal to {130}.
TABLE 1
(m ) 
Y (m )a
U  ]or U  1Y
m.1 I.1 M.L
1 100 112
+0.1*08
-0.882
-0.237
0
+0.297
-0.955
+0.707
-0.637
-0.307
+0.210
+0.603
-0.769
2 010 =1 - - - -
3 001 130 310 110
0
+0.1+31+
-0.901
0
-0.901
-0.1+3!+
M
1* 110 110 llo 001
0
-0.901
-0.1+31+
0
+0.1+31+
-0.901
L
5 101 111
+0.261+
-0.537
+0.801
-0.632 
-0.1+1+8 
♦0.632
+0.500
-0.11+1+
-0.851+
-0.761+
+0.391
-0.513
6 Oil 111 =5 - - - -
7 110 001 - - - -
8 101 021
-0.996
-0.038
-0.077
-0.512
+0.690
-0.512
+0.500
-0.757
-0.1+20
+0.126
+0.51+1+
-0.830
L
9 Oil 021 H8 - - - -
The Possible Type I Twinning Systems for the y to a Uranium 
Trans formation•
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The directions normal to the parent mirror planes become
the conjugate twinning directions and the use of standard crystal-
(25)lographic formulae enable the twinning directions themselves to be
obtained. These are indicated in the column headed Sl with the
a
parent directions, to which they correspond, in the next
column. The directions I are, in fact, the well known deforma-a 9 *
tion twinning directions and in the case of modes 1, 5 and 8 are
. . . . (3)irrational. A knowledge of the principal directions which form
an orthonormal basis, then enable m^ and Jfc to be expressed in this 
basis and these are represented by hl and I. in columns 5 and 6. 
Finally, column 7 indicates the result of inserting the principal 
strains together with m^ and into the M and L restrictions 
associated with the BB theory. The symbols M and L in this column 
indicate that the twinning mode in question violates respectively 
the restriction on the shear plane and the restriction on the shear 
direction.
1.^.2.2 Type II Twinning Lattice Invariant Shear
The lack of documentation as to the feasibility of Type II
twins occurring as the LIS in martensitic transformations is 
probably partly responsible for the tacit assumption of both ex­
perimentalists and theoreticians alike that only Type I twins
are likely to occur in practice. However, of the two, Type II
deformation twins with irrational composition planes but rational
(26 27)twinning directions occur more frequently than Type I twins 5 .
(26)
This is particularly so in cc-uranium and it seems instructive 
therefore to repeat the analysis of Section l.k.2.2 assuming 
Type II twins to participate in the transformation.
-  2k -
The even-fold axes of rotation in the parent b.c.c. y-uranium
are of the form <100>^ and <110>^ and give rise to the twinning
directions in the product orthorhonibic a-uranium. These 9
directions are represented in Table 2 under the column headed
£ with the corresponding product directions, obtained from May’s
correspondence, under the column headed £a. Of these directions,
2, 6 and 9 are crystallographically equivalent to modes 1, 5 and
8 respectively and need not be considered further while 7 is a
two-fold axis of the product phase and can therefore not operate
as a product twinning direction. The remaining directions
<312> , <110> , <310> , <512> and <132> are all possible twin­er or or a a *
ning directions with all except <110>a and <132>o observed in 
practice^^.
The conjugate twinning planes derive from parent mirror planes
(25)and standard crystallographic formulae enable the twinning planes 
themselves to be obtained and these are given in the column headed 
m • These planes are in fact the well known deformation twin­
ning planes of which three are irrational, modes 1 and 5 in 
particular corresponding to f{l72}f and ’{176}*. The indices of 
the product twinning planes in the parent basis, obtained by the 
correspondence, are given in the column headed Columns 5 and 6,
headed £. and m., contain the indices of £ and m referred to the l i *  Y y
orthonormal basis defined by the principal directions, and again, 
column 7 indicates the result of placing mu, £^  and the principal 
directions into the M and L restrictions. The capitals indicate 
violation of the restrictions, as for Type I twinning.
TABLE 2
[A ]
Y
[A ] a (mY) z.1 m.1 M,L
1 100 312
0
+0.1*30
-0.903
+oiii*i*
-0.951*
-0.261
+0.707
-0.637
-0.307
+0.301*
+0.666
-0.682
2 010 312 =1 - - - -
3 001 110 110 110
0
+0.1*31*
-0.901
0
-0.901
-0.1*31*
L
1* 110 310 001 130
0
-0.901
-0.1*31*
0
+0.1*31*
-0.901
M
5 101 512
-0.653
+0.358
+0.653
+0.125
-0.726
+0.677
+0.500
-0.11*1*
-0.851*
-0.731*
+0.1*51*
-0.506
6 Oil 512 =5 - - - -
7 110 001 - - - - -
8 101 132
-0.1*59
-0.761
*0.1*59
-0.937
+0.087
-0.338
+0.500
-0.757
+0.1*20
+0.211*
+0.578
+0.788
9 oil 132 58 - - -
-.
The Possible Type II Twinning Systems for the y - a Uranium 
Transformation.
1.1*. 3 Discussion
Referring first to Table 1, it is seen that modes 3, 1* and 8 
violate the conditions for real solutions to the theories which 
predict, therefore, that the associated twins with composition 
planes {130}^, {110}^ and {021}^ should be absent from trans­
formations between the y and a phases of uranium - 5 at. % molybdenum 
alloys. However, as emphasised previously, definitive evidence 
was obtained by May for the presence of both {130}^ and {021}^ 
twins. It must be concluded, therefore, that the assumptions on 
which the standard theories of martensite crystallography are based 
are violated by the present transformation. In this connection a 
detailed survey of the crystallography of the transformation would 
be invaluable.
Examining now the results in Table 2, it can be seen that both 
modes 3 and k9 which possess compound twinning planes, predict 
imaginary solutions. These modes occur, as expected, in Table 1 
but more of interest are the three modes 1, 5 and 8 which indicate 
real solutions to the theory. The planes of these twinning systems 
have indices approximating to {172}^, {176)a and {11,1,1*} and al­
though not observed directly by May, evidence for the three con­
jugate modes with composition planes {112} , {111}^ and {021}^ was 
obtained. Hence, it appears possible that May was only looking 
for Type I twinning modes when analysing his electron diffraction 
patterns and a quantitative re-investigation of the substructure 
would be particularly appropriate in view of the present results• 
However, should May’s results be re-obtained, it would confirm the 
inadequancy of the standard theories for universal applications.
1*5 Stress Induced Transformation in Crystalline Mercury at U.2°K
1.5*1 Introduction
A project initiated during the last few years at the University 
of Surrey to investigate the deformation characteristics of crystal­
line mercury, has produced some very surprising and interesting re­
sults. Among these were the conclusions that the slip direction of 
the operative slip plane was not the close packed direct ion and
that the operative twinning system, a Type II mode, occurred in pre-
(27)ference to a compound mode with a much smaller twinning shear •
Both observations stand in stark contrast to the established criteria
on which conventional slip and twinning theories are based. Most
recently, work has centred on the observation by Doidge and 
(29)Eastham of a new phase of mercury, labelled y, discovered while
investigating the superconductivity properties of the a-phase of
crystalline mercury undergoing deformation by tension at liquid
helium temperatures. The existence of the new phase has since
been confirmed by Abell in a low-temperature X-ray diffraction
study although unfortunately the crystal structure itself could
not be determined. The new phase caused surface markings on
certain planes and the morphology of these traces and their
accompaniment on formation by audible clicks suggested to Abell
(3l)and Crocker that the transformation between the phases was 
martensitic in character.
Referring the indices of planes and directions to the face 
centred rhombohedral structure of axial angle 98° 22*, it was 
found that the habit plane v was close to {113)a with the 
direction d of macroscopic displacement near <110>a. In addition, 
the stereographic version of the standard theories showed the 
magnitude of the shape displacement to be close to 0.5. This is
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far larger than that observed for any other observed transformation
suggesting simple atomic displacements during transformation.
Unfortunately, in addition to the lack of knowledge concerning the
crystal structure of the y-phase, no experimental information is
available as to the internal substructure of the martensite plates.
However, some theoretical work has been done by Weaire in predict-
(32)m g  a possible structure for the y-phase . Using the pseudo­
potential theory of metals which successfully predicts the crystal 
structure of the a and $ phases, he suggested that the y-phase, 
like the a-phase, is face-centred rhombohedral with an axial angle
around 82°. This structure was used initially by Abell and 
(3l)Crocker in their stereographic treatment of the theories in 
an endeavour to predict the observed crystallography. They con­
cluded their preliminary treatment was inadequate, however, and 
consequently it was considered worthwhile to perform more extensive 
calculations in spite of the lack of detailed experimental results.
1.5.2 Correspondence Choice and Lattice Invariant Shears
Despite the crystal structures of the a-phase and predicted
y-phases, the choice of realistic lattice correspondences appears
(31)to be limited. In fact, only two have been considered and 
both are variants of the unit matrix. The first of these, to be 
referred to as Ci, is the unit correspondence with rows (100),
(010) and (001). Physically this is equivalent to an extension 
along [Hlla of the a cell and a uniform contraction in the plane 
normal to this direction. For rhombohedral angles less than 90°, 
the original cell must pass through an f.c.c. stage and the 
final angle is clearly a function of the degree of extension and 
hence the principal strains. The second correspondence, C2, is
less straightforward and has elements forming rows of the form (100), 
(OlO) and (OOl). The principal strains associated with each cor­
respondence are easy to determine for Cj hut for C2 standard pro-
(3)cedures are required again . The variation of the principal 
strains with product rhombohedral angle, 0, may conveniently be 
represented by the plot shown in Fig. 1*. Here the sum of the 
squares of the principal distortions, represented by Q, is in­
dicated for both Cj and C2 as 0 varies from 78° to 98° 22’ en­
compassing the 82° prediction of Weaire. Clearly, the smaller
the value of Q the more likely is the correspondence to occur in
(33)practice . It can be seen that profile for Cj is a smoothly
decreasing one of value 3 when 0 = 98° 22f, the parent axial angle.
C2 is more complex, however, and interesects Cj at 0 * 90° at 
which point the product is f.c.c.. Below 0 » 90°> the Q value 
for C2 is far less than that for Cj, especially for smaller 
values of angle, suggesting its occurrence as the operative cor­
respondence. The minimum value of Q near 3.07 at 0 = 87° compares
with the value of 3*15 associated with the Bain correspondence for 
steels and is hence attractive.
After deciding upon the correspondence, an acceptable LIS 
must be selected from the deformation modes of parent and pre­
dicted product structures. The most important of these are 
summarised in Table 3 together with the number of crystallographical- 
ly distinct sets of solutions to which they give rise for each 
correspondence. Of the seven possible systems only the first is 
a parent deformation mode corresponding to the operative slip 
system occurring at low temperatures^^. Modes 2, 3 and 1* are 
deformation twinning modes with 2 and 3 being reciprocal to each 
other. Mode k is the y-phase equivalent of the now well
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3.3
3.2
3.1
o82°
0
Figure h . Curves shoving the variation of the Q-valuea the 
sun of -the'squares of the principal distortions5 
with 6, the rhoibohedral angle of the proposed y 
structure, for correspondences C-, and Co.
TABLE 3
No. Deformation Mode
Number of Crystallographic Variants
ci C2
1 {111} <iio>a 1 1
2 {011} <100>
y
1 2
3 {100} <011>
Y
1 2
k *{ }1<121>
Y
1 3
5 {111} <iio>y 1 2
6 {111} <110>
Y
1 2
T {111} <011>Y
1 2
7 Ik
The number of variants of the seven deformation systems used 
as data are presented for each of the correspondences Cj and 
C^. The exact indices for the irrational plane of mode U 
are {-l-5c, -1-c, l-3c) where c = cos 0, the cosine of the 
product rhombohedral angle.
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(27)established a-phase Type II twinning mode , which, along with 
modes 2 and 3 requires no atomic shuffling. The remaining modes 
all represent potential slip systems of the y-phase. Thus,modes 
5 and 6 both have close-packed slip directions with 5 possessing 
a close packed plane in addition; Mode 7, although possessing no 
close-packed elements is included for completion should the 
operative y slip system be completely anomalous.
1.5.3 Discussion
The crystallographic variants of the seven deformation systems
comprising Table 3, were used in conjunction with both Cj and C2 to
obtain, using a computer programme of the BB theory of martensite 
(12)crystallography written for the Elliot 503 computer, the 
crystallographic observables of the transformation. These con­
sist of the four habit plane normals vand the two lattice in­
variant shear magnitudes g for each shear mode each for values of 
0 ranging from 78° to 98° in steps of 1°. Acceptable predictions 
could then be considered as subsequent input to an auxiliary pro­
gramme to determine the shape deformation parameters and orienta­
tion relationship. A survey of the k x 21 x 21 sets of predict­
ions indicated that of all the possibilities only one shear mode 
predicted a habit plane pole sufficiently close to {I13)a. This 
was obtained in conjunction with C2» end interestingly a product 
axial angle of 82°, exactly that predicted by Weaire. The 
associated LIS system is a variant of the Type II deformation twin­
ning system with indices {-l-5c, -1-c, l-3c} <121>^, where 
c = cos 82°. The magnitude of the dislocation shear g is 0.2239 
which corresponds to approximately one quarter the volume of the 
martensite plate being twinned. The auxiliary programme was
then used to calcuate the direction d of macroscopic strain which 
was found to he [0.ii682, o;il*62, 0.7792]^ ., Although in some 
transformations this direction varies apparently quite consider­
ably for plates possessing the same habit, no such variation has 
been observed experimentally for this case. The angular 
separation of the predicted and observed directions is over 3^° 
and it must be concluded that the one mechanism from some 176U possi­
bilities which predicts a suitable habit is inconsistent with the 
remaining crystallography. In addition, as the only two-fold 
parent axes have the form <110^, it is clear that the twinning 
direction of the above mode derives from a parent direction in­
consistent with the requirement for Type II twins to operate as 
the LIS of the transformation mechanism. In conclusion, there­
fore, all predictions of the standard theories based on the current 
assumptions are inadequate.
The most obvious explanation for the discrepancy derives from 
an incorrect assumption regarding the product structure. Recently 
conducted X-ray diffraction experiments were unfortunately unable 
to resolve the exact nature of the y-phase^ but did suggest that 
Weairefs prediction was false. Alternatively, the transforma­
tion properties, like the previously determined deformation pro­
perties, may be anomalous and once more the standard theories may 
be insufficiently general.
1.6 Recent Developments of Martensitic Transformations in Steels 
1*6.1 Bullough-Lieberman Theory of Composite Martensite (1965)
It was over ten years from the inception of the standard
theories of martensite crystallography before Lieberman and
(3I+) . (35)
Bullough and Lieberman published a transformation theory
of composite martensite. The theory, based on the termination 
within a martensite plate of a set of transformation twins, the 
boundary of which lies parallel to the habit plane and midrib 
trace, was applied to the transformation in steels in an endeavour
/ q/t \
to predict the {225} habiti Following Basinski and Christian
y
a shear and a rotation is ascribed to the termination with the
result that the total shape deformation F may be written
F » Rj P R2 S2 Sj• Of these five component matrices, Rj the
orientation rotation, P the Bain strain and S2 the observed
{112} <111> twinning system constitute the components of the 
a
standard theories. The matrices R2 and Sj are therefore in­
cluded in consequence of the twin termination and define, re­
spectively, a rotation about an axis perpendicular to the shear 
direction and in the habit plane and a virtual shear in the 
habit plane in the same shear direction as the twinning shear.
A self-consistent, iterative numerical procedure then enabled 
Lieberman and Bullough to obtain results for an Fe-7»9# Cr-l.ll$ C 
alloy in excellent agreement with experiment.
Despite these predictions, the theory has been criticised by
/ Q O  \ / Oft \
many authors . Thus, Bowles and Dunne complain that
the additional matrices cause the pure strain to generate a pro­
duct structure other than martensite. This is true if the shears 
and rotation R2 occur in the parent austenite since the principal 
strains of P cause length changes along principal directions re­
ferred to unrotated austenite. However, the resolution of the 
shears to either precede or succeed P is optional and if, 
physically, the shears occur in the martensite then the original 
predictions are sound. More serious criticisms, however, concern 
the validity of the crystallography and the order of occurrence 
of the shear matrices S2 and Si. Thus, thg chosen rotation axis
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of R2 and the shear direction of Sj, were shewn to be inconsistent
(37)with the geometry of transformation twin termination . The 
shear direction itself is not essential since F Sj1 is also an 
invariant plane strain but the rotation axis is important and an 
incorrectly chosen axis throws strong doubt on the predictions.
In addition, it is not clear why Si should ’precede* S2 in the 
matrix formulation and this becomes particularly relevant since 
the shear directions of ^  and S2 are not parallel and the 
matrices do not commute. Finally the analysis actually de­
scribes the occurrence of shears homogeneous in nature throughout 
the plate while it purports to describe the morphology of a plate 
containing separate regions of twinned and untwinned material.
It is clear, therefore, that the theory as it stands in unfortunate­
ly of little relevance although a correct algebraic formulation 
based on the physics of twin termination would be valuable.
1.6.2 On the Magnitude of The Dilatation 6
As emphasised, the standard theories have provided two methods 
for predicting habit planes. For the { 2 2 5 habit in steels, most 
success centres around the use of a uniform dilatation in con­
junction' with the observed variant of {112} <Ill>a twinning. How­
ever, recent theoretical and experimental analyses have shown this 
success to be somewhat limited and effort has been concentrated on 
determining the existence and magnitude of interfacial dilatations.
The earlier experimental work used the scratch displacement 
technique to reveal information relevant to the shape deformation.
In this technique, lines are inscribed on the surface of a region 
prior to transformation and their displacements coupled with a 
least squares statistical treatment enable the magnitude u and
direction of the macroscopic displacement d to he assessed, to- 
gether with a value of the dilatation 6. Thus, Bowles and Morton 
determined that for a Fe-1.13$ C alloy the interfacial distortion 
was isotropic and of the order 1.75$* Morton and Wayman^^ con­
ducted similar experiments on Fe-7*90$ -1.11$ Cr alloys, confirmed 
these conclusions and decided that their experimental results were 
hest explained by a uniform distortion of 1.5# •
(i*2)
More recently j Dunne and Bowles have repeated these ex­
periments for a Fe*-21i89$ Ni-0.82# C alloy in which (259)^ habits 
occur and for Fe-6*lU$ Mn-0.95# C and Fe-1.2# C alloys in which 
(225)^ habits occur* For the nickel-carbon system the results 
for 6 are not significantly different from unity* For the remain­
ing two alloys, measurements on plates for which errors are small 
also indicate that 6 never deviates significantly from unity.
These results are in complete contrast to those obtained pre­
viously and the lack of agreement between them obtained using 
the scratch displacement technique must dispute the sensitivity 
of the method when applied to relatively narrow plates with non­
ideal boundaries. A preferable procedure is that adopted by
(1*3)
Krauklis and Bowles who directly compare the changes in the 
length of lines in the habit plane before and after transformation. 
By making replicas of polished and etched surfaces of austenite and 
transforming the specimen partially to martensite, the distance 
between a pair of etch pits defining a line in the habit plane could 
be directly compared to its original length by reference to the 
replica. From measurements of this nature on many (225)^ plates 
in Fe-Cr-C alloys, it was concluded that the dilatation is 
certainly less than 0.2$ and most probably zero. These conclusions 
are most significant and coupled with the experimental evidence to
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be presented in Section 1.7 suggest most forcefully that a reformu­
lation of the standard theories retaining an invariant plane strain 
criterion is necessary.
1.6.3 Bovles-Dunne Theory (1969)
Results of particular significance emanating from the recent
series of measurements described above, concern the conclusion that
the transformation of the <110> direction into <111> produces no
Y a *
measurable macroscopic change in length even though the interatomic
distance actually contracts by approximately 1.8# depending on the
(k2 1*3) (kk)alloy used * . This observation has prompted Bowles and Dianne
to derive a theory applicable solely to the {225}^ transformation in
steels assuming, initially, a habit to exist exactly of the form
(225)^ , containing, therefore, [110]^ which lies exactly parallel to
[111] . It was this observation that led Frank^1^  and Suzuki a
to suggest anisotropic interfacial distortions but from recent 
measurements even isotropic distortions do not exist in the interface. 
Consequently, the authors develop a theory in which the austenitic 
region ahead of the advancing plate undergoes plastic extension so 
that the close-packed line remains length invariant despite a sizable 
reduction in interatomic distance. The accommodation of this re­
duction is obtained by the occurrence of four slip systems of the 
form {111} <110>y acting in two slip directions. This enables 
[llo] to extend without rotation, thus satisfying the boundary con­
ditions, besides predicting crystallography in better agreement with 
experiment than that of the earlier theories.
It is unfortunate that the nature of the boundary conditions do 
not enable the theory to be generalized to arbitrary crystal structures.
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However, the theory, although claimed plausible, is certainly 
complicated through the four accommodation slip systems and re­
quires detailed experimental verification before it can be accepted. 
Further, the advent of improved observational techniques capable of 
analysing in detail the microstructure of martensite plates throw 
some doubt on the mechanism of the theory* This is examined in 
more detail in the following section.
1.7 Evidence for Multiple Lattice Invariant Shears 
1.7*1 Iron Alloys
3y implementing transmission electron microscopy as an aid 
to investigate the internal substructure of martensite plates, many 
surprisingly complicated situations have been revealed. From their 
experiments on Fe~7*90# Cr-l.ll$ C alloys, Morton and Wayman^^ ob­
served that the martensite plates, characterised by {225}^ , habit 
planes, had several modes of inhomogeneity apart from the {112}^ 
twins predicted from the standard theories. Thus, besides {112}a 
twins which were either coarse or fine, prominent or faint, {011}^ 
slip was observed to occur, as well as, in some plates, stacking 
faults on as many as three variants of {111}^. In addition, the 
distribution of the conventional twins ranged from the midrib 
section of the plate to solely one side of the plate, and ranged 
in density from low to medium. The remaining observations on
(1*5 1*6)
steels stem from the American School of Oka and Wayman * who 
analysed in detail, again by transmission electron microscopy,
1.28$ and 1.82$ carbon steels in which (225)^ and (259)^ habits 
form on cooling. The initial publicationreported the exis­
tence of twins co-existing with {112}^ twins in plates of
martensite in 1.82$ carbon alloys. The subsequent work^^^ for
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this alloy reported that thin {110}^ twins or stacking faults 
on more than one variant can occur simultaneously, together with 
{I12}a twins. In addition, some plates suggest twins or stack­
ing faults on as many as four variants of {112} with sets of
ct
<lll>a dislocations in others. The lower carbon alloys with 1.28$ C 
have somewhat simpler substructures in which {110}^ traces are com­
pletely absent* However, here too, twins or stacking faults are 
reported to accompany the {112}^ twins predicted by the theory on 
one or more subsidiary variants of this plane.
As an example of the type of substructure exhibited by alloys 
of high carbon content, the micrograph of Fig. 5 indicates a 
centrally located martensite plate in a Fe-1.00$ Mn-1.86$ C alloy, 
indicating two sets of internal striations. The most prominent of 
these are associated with (112) twin planes which are intersected 
by traces of a subsidiary shear system. Although the resolution 
of the micrograph is not sufficiently accurate, it clearly indicates 
the presence of more than one internal shear system which are be­
lieved to be associated with the transformation mechanism.
1.7*2 Titanium Alloys
The LIS used by the theories to predict the crystallography of
•” (7)
titanium alloys has always been {loll} twinning . Recently, 
transmission electron microscopy and electron diffraction techniques 
have been used in an investigation by Ericksen et.al.^*^ to study 
the details of the structure of thin foils of titanium alloyed with 
various degrees of chromium. As the chromium content was in­
creased it was found that the substructure, too, increased in amount 
and complexity. For alloys with around 2.k% added chromium, mark­
ings were observed on planes determined from trace analysis to be
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Figure 5 ■ Example of a martensite plate indicating the 
presence of two sets of internal striations. 
(Courtesy R. M. Wood)
{1012}, in addition to the predominant twins on {1011}. It was 
concluded that these markings were consistent with thin twins 
rather than stacking faults* Increasing the degree of alloying 
to 5*5$ led to the occurrence of additional {1011} twins on al­
ternative variants with ribbon-like fault contrast and occasional 
isolated {1012} traces; The authors concluded that'the standard 
theories were incompatible with their observations and were in 
need of generalization.
Hammond and Kelly have also examined the crystallography 
of titanium martensites but alloyed with molybdenum and manganese, 
and observed two different martensites. The first resulted from 
the conventional b.c.c. h.c.p. transformation while the second 
involved the transformation to a phase with an f*c*c. lattice.
The latter was observed to occur as plates containing either one 
set of {111} twins or a pair of interpenetrating sets. In this 
case the nature of the substructure is inconsistent with the 
standard theory predictions.
1.7.3 Copper-Tin Alloys
The copper-tin alloy system has been the subject of a crystal-
(U9)lographic investigation undertaken by Kennon and Bowles . The 
BM theory was adopted and the theoretical predictions for the b.c.c. 
orthorhombic transformation compared with the experimental observa­
tions. The discrepancies were small for the orientation relation­
ship and shape shear magnitude y, and large especially for the habit 
plane which was in error by 6J°. The error was not reduced signi­
ficantly by invoking a dilatation. The predictions were obtained 
by assuming a single twinning LIS of the form {ill} stemming from a 
parent mirror plane, but this assumption is inconsistent with the
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microscopy observations. These observations indicate that as 
many as four pairs of twin related orientations occur within a 
single plate* In addition, a variety of unidentified markings 
were observed which possibly related to stacking faults within the 
individual twins but it is clear that providing the substructure 
can be identified with the transformation mechanism, the standard 
theories are untenable,
1.8 General Discussion
The standard theories of martensite crystallography due to WLR,
BM and BB are some fifteen years old. They are based on the hypothesis 
that, at least approximately, the total shape deformation which de­
scribes the crystallography of the phase change, is an invariant plane 
strain. The habit or interface plane is then identified with the 
invariant plane. Early applications of the theory were fairly 
successful but more detailed experimental investigations have raised 
doubt on the validity of theories. Such investigations formed the 
basis of Sections l.U and 1.5 where it was shown that the standard 
theories are inconsistent with the experimental measurements made on 
uranium alloys and crystalline mercury respectively.
There are two ways to vary the theoretical predictions for a 
particular transformation. The first is to assume the interface 
is uniformly distorted and the second is to assume varying modes of 
lattice inhomogeneity. These approaches are adopted by BM and BB, 
respectively, in the application of their theories to various trans­
formations, the most important being that occurring in steels. The 
BM theory adopts a {112} twinning system plus a dilatation for thisOL
transformation while the BB theory has been programmed by Crocker and 
Bilby^^ who assumed varying modes of inhomogeneity to predict
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different habits* For the {225}^ habit, the BM approach with 
{112}^ transformation twinning seems to give better agreement 
despite the assertion by Ahlers^^ that the {113} <110>^ shear 
system, which was rejected by Crocker and Bilby, could account
for the occurrence of {225} plates, but recently even the BM treat-
Y (1*2) ment seems doubtful* From the work of Dunne and Bowles and
(1*3)Krauklis and Bowles the dilatation approach now seems obsolete, 
at least for steels, but the {112}a twins always appear to be pre­
sent* The natural approach would seem, therefore, to maintain the 
invariaht plane strain criterion but generalize on the assumption 
that only one LIS participates in the transformation mechanism*
This receives further support from the observations, summarized in 
Section 1.7» on iron, titanium and copper alloys* In all these 
cases very complex substructures occur in which twins, dislocations 
and stacking faults are inter-related in a very complex fashion* 
Unfortunately it is not always possible to distinguish from the 
observed substructure that which is integral to the transformation 
and that which is caused by accommodation distortion of the matrix. 
This is particularly so in the case of dislocations but for twin­
ning, more than one set does suggest a transformation mechanism 
more complex than that predicted from the standard theories*
A generalized theory incorporating, initially, a pair of un­
restricted LIS is therefore presented in and forms the basis of 
Chapter 2* It is then applied to the {225}^  martensite trans­
formation in steels in an endeavour to explain the full crystallo­
graphy, before a similar procedure is adopted for the transforma­
tions in titanium alloys discussed previously in Section 1.7*2* 
Chapter 3 is concerned with particular lattice transformation 
phenomena each of which is characterised by its own 'characteristic
strain'• In particular, twinning, martensitic and general 
transformation cases are examined in detail under one theory 
which gives an alternative but equivalent derivation to the 
generalized martensite theory presented in Chapter 2*. In Chapter 
U,a preliminary investigation into the plane plastic strain of 
crystals is given. This too may be looked upon as a particular 
type of transformation but it is found more convenient to derive 
the analysis from a different viewpoint and to interpret the re­
sults in terms of plastic bending*
CHAPTER II
A GENERALIZED THEORY OF MARTENSITE CRYSTALLOGRAPHY
2*1 Introduction
In this chapter, a generalized theory of martensite crystallo­
graphy is presented applicable to transformations between lattices 
of any symmetry and based on an invariant plane strain criterion. 
During preparation of this work it was discovered that Acton and 
Bevis of the University of Liverpool were concurrently developing 
a theory based on the same criterion but using an alternative line 
of approach^^. Their analysis is indeed potentially very 
elegant, but as shown in the next chapter the published version 
may be refined so that the need to calculate the principal strains 
and principal directions disappears. However, the difficulty 
with sophisticated algebraic treatments of this kind is that the 
techniques used preclude the theory from being widely appreciated.
It is felt that the procedures used in the present treatment,
<2-
being essentially geometric, component in a particularly agree­
able way the Acton and Bevis theory. In conclusion, it should 
be pointed out that the respective theories were shown to predict 
identical results as a result of collaboration between the Uni­
versities of Liverpool and Surrey.
2.2 Geometrical Analogue and its Standard Theory Comparison
A brief discussion of the geometry of the standard theories 
was presented in Section 1.2.1. The geometry of the generalized 
theory is quite similar and follows analogously. The triaxial
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ellipsoid associated with the pure strain intersects the sphere 
from which it is produced in two ellipses which represent the de­
formed positions of directions left length invariant by the de­
formation* The original positions of these vectors lie on a 
cone termed the Bain cone * , This cone B is shown in Fig. 5a
intersected by the shear plane P of the LIS in two lines whose 
lengths remain invariant by the combined deformation. One 
of these lines must lie in the interface which is completely de­
fined when a second length invariant line making an invariant 
angle with the first is determined. One such invariant line is, 
of course, the unit principal axis of the total shape deformation. 
Alternatively, one may note that the second line must lie, as 
shown in Fig. 5a, at the intersection of the Bain cone and the 
second undistorted, but rotated plane Q of the LIS. The position 
of this plane which gives the required invariant angle is a 
function of the shear magnitude g, as is the unit principal axis 
which lies at the intersection of the reciprocal shape ellipsoid 
and the sphere into which this is deformed by the total shape de­
formation F .
In the generalized theory, the lattice invariant deformation 
comprises a pair of unrelated shear systems. These cause a sphere 
of parent material to be deformed into an ellipsoid, conveniently 
termed the double shear ellipsoid, which defines no undistorted 
planes. However, undistorted lines do exist. These, in their 
final positions, lie on the double shear cone which is defined by 
the lines of intersection of the sphere and the double shear 
ellipsoid. The undistorted lines of the whole transformation 
now lie at the intersection of the double shear cone D and the 
Bain cone B and diagrams b, c and d of Fig. 5 illustrate three
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Figure 5 . A comparison of the geometries of the standard and 
generalized theories. In (a), the Bain cone B is 
intersected by the two undistorted planes ? and Q 
of the single LIS of the standard theory. In (b)5 
(c) and (d), the Bain cone is shown being inter­
sected by the double shear cone D of the generalized 
■theory in zero, two and four undistorted lines 
respectively, which are drawn dashed.
of the possible modes of intersection of these two cones. Here, 
depending on the geometry, four, two or no lines of intersection 
can occur and clearly degenerate cases can exist in which the cones 
touch rather than intersect thus giving three lines or one. As in 
the standard theory, the important step is to calculate the 
magnitudes gi and g2 of each LIS which leaves invariant the angle 
between any two undistorted lines. This may be done either 
geometrically or stereographically but for preference an algebraic 
treatment of the generalized theory is considered and presented 
in the following section.
2.3 Basic Theory
The fundamental equation of the generalized theory may be 
written(39,51)
F * R P S2 S]. (2.1)
where S2 and represent a pair of shears replacing the single
shear S of the standard theories. The elements of each are given
by the general tensor relationship
S *  =  6 *  +  g  I 1  m .  ( 2 . 2 )
3 3 & 3
where the shear of magnitude g occurs on the plane of unit normal
m. in the unit direction Z1 • Also, 6* is the Kronecker delta
i 9 3
equalling unity if i = j and zero otherwise. It is convenient
to work in the orthonormal basis defined by the three principal
directions of the pure strain in which P is diagonal thereby having
elements P. . - r\. 6. . • In the algebra, the tensor summation con-ij i
vention is adopted so that repeated indices imply summation of 1,
2, and 3 over that index.
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As in the WLR theory, the condition
|ft F - i| = 0  (2.3)
(6 7)is used * to determine the relationship between gj and g2 which 
satisfies the requirement for an invariant plane. Again and here­
after, T denotes transposition and I is the unit matrix. Sub­
stituting from equations (2.1) and (2.2) into (2.3) provides the 
following quadratic equation in g^, the magnitude of the first 
shear:-
A gf + 2 Bgx + C = 0 . (2.U)
Here,
A » Q|i + Q31 - Q33 Q n  ,
B * Q12 + Q23 $31 “ $12 $33
C ~ Q n  + Q22 + Q33 + $12 + $23 + $31 ~ $11 $22 ” $22 $33 “ $33 $11
„ 2 2 2 + m  1)2 H3 • 1
where Q. . Eire elements of the symmetric 3 x 3  matrix Q given by 
i J ~
#T * *Q s S2 P P S2. It is found convenient to work in the ortho­
normal basis defined by the vectors z\ m1 and A1 x m1 where the 
superscript refers to the first shear. In this basis, from equation 
(2.2), the rows of Si become (l g 0), (0 1 0) and (0 0 l) and P*
and S* are simply the forms adopted by P and S2 when referred by
similarity transformation to this orthonormal basis. Thus, these 
forms are given by P* - R^ P Ri and S2 = R2 S2 R2 where R* and R2 
are rotation matrices relating the working orthonormal basis with 
orthonormal bases defined by the principal directions and 
£2, m2 and £2 x m2 respectively, the superscript referring to the 
second shear.
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Hence, when the pure strain and LIS systems are fixed, two values 
of gj are obtained for a given value of g2, providing real 
solutions to equation (2.U) exist. Conversely, a quadratic in 
g2 is also possible whence for a given gj two possible g2 values 
result with the same proviso. The conditions for real solutions 
are well defined, geometrically, for the standard theories through 
the M and L restrictions discussed previously. Unfortunately, 
the complications generated by the inclusion of a second LIS do 
not permit such a physical interpretation but as expected this 
additional system introduced into the theories allows a degree of 
flexibility to be obtained,
Following the necessary values of gi and g2 required to pro­
duce an invariant plane, an algebraic formulation of the geo­
metrical situation described in the previous section is presented 
in order to obtain the undistorted lines and therefore the in­
variant plane itself. Consider a unit vector u inscribed in 
the parent lattice and the vector v it becomes as a result of 
the strain described by the composite deformation S2 Sj. Thus 
v = S2 Sj u. The cone of vectors in their final position which 
define undistorted lines obeys the restriction given by 
|v| = Ju|. Hence the double shear cone has the equation,
vT(I - W) v s 0 . (2.5)
W is a symmetric matrix with elements given by
. 2 2 r 1 2 2
+ Sl S2 Uj AjJ in. m. .
Again, the superscripts 1 and 2 denote the first and second shears 
respectively.
As a result of the pure strain, the vectors v satisfying 
equation (2.5) become z * P v. If the v are to remain undistorted 
then |z| - |v| or, alternatively,
Any vector v satisfying equations (2.5) - (2.7) thus remains
undistorted as a result of the deformation P S2 Sj. Combining
these equations leads to, in general, a quartic equation in one
element v^ so that four solutions can exist corresponding to each
pair of values of gj and g2. It was found convenient to solve the
(52)quartic using a Hewton-Bairstow numerical procedure whereupon
the original positions u of these vectors are obtained from
u - Sj1 Sj1 v. Undistorted planes then contain pairs of these
undistorted vectors but of the six combinations only two of them
possess an invariant included angle and thus define eventual
habit planes. The condition for an invariant included angle is
T T oclearly uj . u2 « Fui . Fu2 or, alternatively,uj u2 s vj Pz v2.
In addition, two further solutions result on using the second value 
of gj from the quadratic. Hence, as in the standard theories, 
four habit planes are obtained for each set of input data, the 
habit planes themselves being obtained from the vector product 
U} x u2. Plotted on a stereogram, therefore, the variation of 
v with input values of g2 will trace a locus as in the case of 
the BM theory for varying 6.
vT(l - P2) v = 0 (2.6)
and since v is a unit vector.
(2.7)
The remaining crystallography of the transformation can now
he obtained as follows. The elements F* of the total shape de-
0
formation F can be written
F* * 6* + yd1 v. (2.8)
where the displacement at unit distance from the interface v is
yd. The determinant of F, which defines the volume ratio of the 
transformation, is given by 1 + yd^, v^. However, R, S2 and Sj 
are unimodular and so det F = det P. Therefore
ydi Vi = ni n2 113 “ 1 * (2.9)
TTo obtain y, it is necessary to consider the matrix Z s F F.
Since Z does not contain R, the trace K is known explicitly, so 
from equation (2.8) we may write K = y2 + 2 hd^v^ + 3 and hence 
from equation (2.9),
y2 = K - 2 m  n2 fl3 - 1 , (2.10)
In addition, from equation (2.8),
d = (Z - U2 v* - 1) (2u V r 1 (2.11)
a  ota a  cl
the summation convention being suspended for the Greek letter alpha, 
Finally, on substituting for y and d^ into equation (2.8), F is ob­
tained whence the matrix D = R P, giving the lattice deformation, 
and which is required for the orientation relationship, follows 
immediately from
D - F Si1 S21 . (2.12)
2«^ The Computer Programme
The theory described in the previous section was programmed 
in 1900 Algol for the University’s 1905F I.C.T. computer. As
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with all computer programmes of reasonable length and complexity, 
rigorous checks were performed before analysing the results in 
detail. Fortunately, this particular version of the generalized 
theory over-determines some of the crystallographic parameters 
and this allows conclusive checks to be made at several points.
The checks made were as follows:-
(i) Initially a value of g2 is chosen and the required gj obtained 
from (2.U). The first check was therefore to work out P S2 S1# 
premultiply by its transpose, subtract the unit matrix and verify
a zero determinant. In addition, the principal direction cor­
responding to the unit principal axis of the total shape deforma­
tion was determined as this provides a further check as will be 
shown.
(ii) Having obtained the vectors v from the numerical procedure, 
each in turn was substituted in equations (2.5) - (2.7) to check 
for accurate determinations.
(iii) If the original position of these vectors, u, are to lie in 
the habit plane then the total shape deformation must leave the 
vector invariant. Thus the equation u (Z - I)u * 0 which ex­
presses this condition was verified.
(iv) The six pairs of vectors ux and u2 defining potential habit
T
planes, were then substituted in the equation u (Z - l)u ® 0 
which states that vectors u and u^ retain their mutual orientation 
after the transformation.
(v) By forming the vector product u x u^, the habit plane v
is obtained and to check that this plane contains the unit principal 
axis a, the triple scalar product a . u x u was shown to be zero.
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(vi) Having obtained v, several arbitrary vectors x lying within 
this habit plane were taken and shown to satisfy Px - x.
(vii) Finally, once F was completely determined and R obtained from
R s F Sj1 S])1 P, it was confirmed that R was orthogonal obeying 
TR1 R = I.
Apart from these checks, two more were available. Placing
g2 * 0 provides a degenerate single LIS theory, the full crystallo-
( 7 w  )
graphy of which has been dealt with in detail * for all the 
low indexed shear systems that merit consideration. In addition, 
when small values of gj are associated with g^, solutions result 
in close proximity to additional standard theory predictions.
Hence, once a range of solutions were obtained consistent with 
points (i) to (vii) and which incorporated the degenerate standard 
theory predictions, the intermediate solutions resulting from the 
new, generalized theory were confidently expected to be correct.
2.5 Applications of the Generalized Theory
2*5*1 Iron Alloys
2.5.1*1 Introduction
As an initial illustration of the generalized theory in 
practice, the crystallography of the martensite reaction in steels 
is treated in detail. This is particularly appropriate after a 
time in which a great deal of experimental effort has been ex­
pended at the expense of this single transformation. Significant 
results have been obtained, as discussed in Chapter 1* the most im^ - 
portant being the apparent absence of a dilatation and the com­
plexity and variability of the internal substructure. The only 
common factor regarding the substructure in plates of different
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alloys is the occurrence of {112} twins in both {225} and {259}
a Y Y
transformations. Therefore, the basic LIS adopted is this 
{112}^  twinning shear which is combined with all the variants of 
the various slip and twinning shears of either the product 
martensite or parent austenite. As the magnitude of this 
secondary shear changes from zero, the crystallographic features 
of the transformation are expected to depart from the well known 
results associated with the {3,10,15}^  habit plane and devia­
tions producing habits in the vicinity of neighbouring {225}^ 
planes will be particularly interesting.
The variant of the Bain correspondence used is
I 0 
1 0 
0 1
4
(15 19 Ul)which is the one adopted in previous papers 9 9 while the
lattice parameters used are for the austenite, aQ = 3.592 A, and 
for the martensite a = 2.8^5 X and c = 2.973 2, These values 
pertain to the Fe-22% Ni-0.8$ C alloy the transformation properties
(lQ\
of which were investigated by Greninger and Troiano . The 
lattice parameters of iron alloys are, of course, functions of 
the degree and nature of alloying, but it was established that 
the predictions of the generalized theory are relatively in­
sensitive to the changes in aQ, a and c which occur in practice 
and therefore are relevant to all the published experimental 
results.
The basic {112} <Hl>a twinning system, which using the 
Bain correspondence derives from a parent system of the form 
{101} <101>iy, may clearly be formally associated with either
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51 or S^with the supplementary shear then being associated with
52 or Si respectively. The subsidiary, operative systems reported 
to generate the observed substructure within plates of ferrous 
martensite are quite varied as discussed in Section 1.7.1. How­
ever, {110}^ and additional {112}^  twins are reported together 
with <lll>a dislocations. Therefore, to incorporate these and 
the possibility of additional systems, five types of inhomogeneity 
have been considered. These comprise all the possible variants
of <lll>a slip in the product phase on {llo}^, an& ^^3}^
planes together with {111} <ll0>^ slip in the parent. Thus, all 
the established slip systems of both phases have been considered 
while, in addition, the {112} <lll>a system can be considered to 
be twinning on an alternative variant. The fifth and final system 
completing the data is the {110} <110>a twinning system observed by 
Oka and Wayman^'*9^ ^  and which can occur in tetragonal martensites. 
The number of variants of these complementary systems which, when 
combined with the (112) [lll]^ system predict crystallographically 
distinct results, is quite considerable as may be seen by reference 
to Table U. By referring the indices of all systems to the 
austenite basis and noting the angles between the shear plane and 
shear direction of the basic twinning system and the supplementary 
system, the number of distinct double shear systems is obtained and 
these are given in column 2 pertaining to the particular supple­
mentary system of column 1. However, not all of these merit 
consideration so in the final two columns the relevant number of 
systems are given as a function of the factorization order of the 
pair of shear systems. Considering firstly column 3 in which 
the {112} <IXl>a system is taken to precede the secondary system, 
it can be seen that in all cases except one#the number of
TABLE h
Supplementary System
Number of 
Independent
Number of Independent Systems 
Used as Input Data
Systems {112}<iil> =  sxCt M {112}<lll> =  s2Ct
{111} <H0>
y
6 0 5
UIO} < m > a 7 5 2*
{n5} < m > a 7 5 5
{123} <111>a 12 9 9
{no} <iio>ct 2 2 2
Table indicating the dependence of the number of variants of the
supplementary shear system, which when combined with the standard
{112} <IIl> twinning system predict crystaliographically distinct a
results, with the factorization order. The asterisk in the second 
row indicates that more systems exist than the number shown but are 
equivalent to some of those occurring in the first row.
possibilities is reduced. This occurs essentially because in 
certain circumstances the two shears becomes equivalent to a single 
shear. Thus, the systems in rows 2, 3 and k contain up to three 
double shear modes of this nature in which the shear directions 
of each component shear are parallel to [lOl]^. The {111} <110>^ 
parent slip system is anomalous, however, since little signifi­
cance can be attached to a pair of systems characterised by the 
product twinning shear occurring prior to the parent slip mode
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in the factorization order. In the event of associating the 
{112} <lll>a system with S2 and hence succeeding the additional 
system, the list of numbers in column U results. The double 
shear modes defined by rows 3, k and 5 each possess an unchanged 
number of variants. Row 1, with one double shear mode degenera­
ting into a single shear mode now has five variants since the 
factorisation order is now sensible. Finally, for row 2, five 
variants also occur but since on using the correspondence to re­
late indices to the austenite, three double shear modes are 
identical to those occurring in row 1, only two distinct variants 
remain. Hence, a total of if 4 distinct double shear variants 
which do not degenerate into single shear modes will predict 
associated crystallographies which may only be investigated by 
the theory of Section 3 of this chapter. Computer programmes 
of this analysis have been prepared and the above mechanisms used 
as initial data to obtain habit plane predictions.
The individual double shear systems constitute a sizable 
computation and to reduce the computing time, realistic limits 
were imposed on the input magnitude g2 of the subsidiary shear. 
Thus, slip shears were restricted to have magnitudes less than 
unity to ensure reasonable interfacial dislocation densities.
The magnitude of the shear was varied by increments of 0.05 
until its limiting value was reached or, in cases warranting 
more detailed investigation, even smaller increments were used.
In the case of twinning shears with uni-directional shears, the 
plate clearly can not be more than totally twinned and the shears 
corresponding to twinning are therefore restricted to lie 
between zero and the twinning shear which, for the alloy under 
consideration, is 0.6l^. Hence, when the twinning shear pre­
cedes the secondary shear, kL increments are considered and 13
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vhen the converse applies. In excess of U000 habit planes would 
therefore have to be calculated for the kk input systems but the 
large associated computing time was reduced to more manageable 
proportions by arranging for the computer to step to the next 
set of input information if the value of g^, which is the first 
calculation made in the algebra, did not fall within the required 
limits.
This concludes the discussion of the input data used to ob­
tain the results which are presented in the next section. A 
discussion of the most relevant of these occurs in the succeed­
ing section where modes predicting deviations connecting neigh­
bouring (225)^ and {3,10,15)^  poles are examined in detail and 
the theoretical results compared with experimental values.
2.5«1»2 Results
A survey of the results obtained from the generalized theory, 
demonstrate that to within experimental error virtually any habit 
plane can be predicted. Indeed, a wide range of solutions is 
obtained from a single double shear mechanism. In Fig. 6, for 
example, on a standard 010 austenite stereogram, the way is in­
dicated in which the four habit plane solutions vary, in a 
particularly simple but striking manner for the mechanism in 
which (110) [ill] slip succeeds the primary (112) [ill] twinning.Cl 01
In this case, for illustrative purposes only, the slip shear was 
varied between + » and - 00 to obtain the full variation. The 
habit planes for these limiting values converge toward the 
associated shear plane which using the correspondence is (010)^. 
Thus, the habit plane solutions define four loci which meet at 
the 010 pole of the stereogram. However, this double shear mode
110 100oig
111
on
001
no
100oig
,/p
Oil ■
101
001
Figures 6 and 7 » Standard 010 austenite stereograms indicating
the variation of habit plane predictions for the cases when 
the two lattice invariant deformations are (110) [lllj^. slip 
and (112) [ill] twinning. The slip shear precedes the 
twinning shear in Fig. 6 but succeeds it in Fig. J. See 
the text for an explanation of the capital letters H, L 5 P 
and T and the plus and minus signs .
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is extremely degenerate in that the curves possess a centre of 
symmetry about the centre of the stereogram as well as being 
continuous, demonstrating that the conditions for real solutions 
are nowhere violated. For most of the remaining systems, the 
corresponding loci become segmented and degenerate into two 
curves for restricted ranges of the secondary shear.
A few habit planes of special interest are indicated speci- 
ficially in Fig. 6. The poles labelled L and H are the low and 
high shear (3,10,15)^ habits of the standard theory corresponding 
to zero additional (llO) [lll]^ slip. The two habits associated 
with a smaller dislocation shear, gj, and hence a smaller volume 
of twinned material, describes the full crystallography of the 
(3,10,15habit of Greninger and Troiano very successfully. By 
introducing some slip on (110) the habit plane changes and anCt *
indication of the rate at which the predictions change is given by 
the plus and minus signs corresponding to shears of + 0.1 and 
-0.1 respectively. Also of interest are the degenerate solutions 
corresponding to zero twinning shears, labelled T, which although 
lying close to (225) poles, marked P, do not give satisfactory
(7)agreement with experiment . Finally, it is interesting to note 
that two of the branches of the curves both pass very close to P, 
the { 2 2 5 pole. However, the crystallographic variants involved 
are not linked directly to neighbouring (3,10,15}^  poles and the 
results seem to have little physical significance.
Figure 7 indicates the way in which reversing the order of 
the two shears influences the predictions of the generalized 
theory so that the {110} slip now precedes {112} twinning.
u  Ct
Again the loci are particularly simple and there again exists 
the centre of symmetry about the centre of the stereogram.
However, now the curves have become segmented. One curve, how­
ever is continuous and passes through the two high-shear 
{3,10,15predictions, marked H. The remaining two curves 
form segments of the mirror image of this curve in the (101)^,
or equivalently the (lOl) plane, each segment passing through
Y
one of the low-shear (3,10,15predictions, marked L. In 
addition, there are two very small segments of these curves 
where intersection with the (lOl) plane occurs. Also shown
(7)are the predictions associated with zero twinning shear 
These and the (3,10,15)^ solutions do, of course, result from de­
generate single shear solutions and are in the same positions as 
the corresponding poles of Pig. 6. Again, different branches of 
the loci intersect near (225} poles but the variants involved 
are not adjacent to low-shear (3,10,15habits and the pre­
dictions are of little significance once more.
Having considered in Figs. 6 and 7 the general properties of 
the habit plane predictions arising from two mechanisms in which 
the two LIS are reversed, detailed predictions in the neighbourhood 
of (3,10,15)^ and (225)^ are examined. It is convenient to con­
sider initially, those mechanisms in which {112} twinning pre-
(X
cedes various martensite slip shears having <lll>a slip directions. 
This direction has four variants but of these, one is parallel to 
the twinning direction thus reducing any double shear mode into a 
single shear mode. Further, two additional variants produce 
crystallographically equivalent predictions thus leaving two in­
dependent <lll>a directions. Adopting the (112) [lll]a twinning 
variant, [ill] and [lll]„ shear directions are used for all the
Cl (X
well established slip planes as input data for the complementary 
slip shears.
The way in which the habit plane varies from the low-shear
{3,10,15) predictions for non-zero amounts of shear on the {110} ,
Y a
{112} and {123} planes containing the [111] slip direction, is
CL CL CL
illustrated in the stereographic unit triangle of Fig. 8. In 
fact this is a particularly degenerate system reducing to only 
seven crystallographieally distinct slip shears, labelled A to 
G. The corresponding loci intersect at the conventional {3,10,15}^ 
solution of the standard theories. The angular relationship 
between the chosen shear planes, which are assigned capital 
letters, is indicated in the quadrant adjacent to the unit tri­
angle and the sequence can be followed onto the triangle itself.
Modes A and G bound four regions in which the sequence of letters 
is displayed. However, to avoid confusion, only mode C is in­
dicated in the small region below (3,15,10)^. In general, each 
double shear mode gives rise to four habit plane loci. The two 
loci containing the low-shear {3,10,15}^  solutions are reproduced 
so that the one unit triangle contains both loci. However, due 
to their additional symmetry, the limiting systems A and G give 
only one curve each. Fig. 8 clearly shows how, as the slip ro­
tates from A to G about [ill] , the habit plane loci rotate on theot
stereogram. The bold curve marked at its end by X-X, bounds the
region outside which solutions are absent, due to the operation of
the algebraic restriction imposed by equation (2.k). Unfortunately,
the restriction could not be obtained analytically because of the
complications involved by the introduction of the secondary shear
system. By repeatedly reducing the magnitude of the increment
of g for each of the systems A to G the position of the curve 
2
X-X was obtained to an increasing accuracy. It was found that
—3increments approaching 10 were required before the restriction 
curve X-X was obtained. The forbidden region contains the
-  6b
. G(112) p(l23)
, ;(213)
(132)
'(312)
o(l2l)
(211)
(110)
(252
010 B A C G F Oil
re 3. Low shear habit Diane loci in which the (112) [ill]   - (
twinning shear precedes various slip systems of the
form (hk£) [ill] the planes and distribution of 
a -
which are indicated on the adjacent quadrant. For 
a fuller explanation see the text.
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{225}^ pole so that a wholly satisfactory mechanism incorporating 
secondary slip on any plane containing the [111] slip direction,
Ct
succeeding the twinning shear, is absent. However, the envelope
curve does pass within of (225)^ and locus E, defined by slip
on (101) or (Oil), seems at first encouraging. However, the 
a ct
orientation relationship and the direction of macroscopic dis­
placement especially, are not in agreement with experimental re­
sults and alternative mechanisms were sought.
Curve A is also of interest as it corresponds to (l!0)a slip,
the third variant of the three planes containing [lll]^,
and is of course a small segment of the habit plane locus of Fig. 6.
The remaining individual loci are of no particular interest except
those corresponding to mechanisms C and G which can describe
secondary twinning rather than slip. The portion of the curves
referring to positive twinning shears are therefore shown bold.
Although neither (l^l)(X or (211) derive from parent mirror planes
the (H^)a plane of mechanism G does. This mechanism in which
(llS) llllla and (112) twinning occurs is very similar to
(19)that considered by Crocker in his double shear martensite 
analysis. The separate systems constituting this mechanism 
possess the common (llo)^ plane of shear and it was necessary 
therefore to include a rotation about the normal to the plane of 
shear to enforce the lattice invariant deformation to be a simple 
shear. The additional rotation, however, is less than 3° so there 
is very little difference in the two sets of predictions. Finally, 
it should be noted that habit planes occur in the forbidden region 
of Fig. 8 if the restriction that the associated locus is directly 
linked to the {225)^ pole is relaxed. Such an example is provided 
by mode A whose curve, as indicated in Fig. 6, re-enters and crosses 
the unit triangle from near 111 on its way to the stereogram centre 
010.
Considering now slip in the [illIndirection following the 
(112) [ill]a twinning, a far more complex set of curves emanating 
from (3,10,15is obtained. One of these, passes very close to 
the neighbouring (225 pole and is associated with the 
(231) [lll]a slip shear. This is not too attractive but in any 
case the magnitude of the shape shear for the (225 prediction 
is over four times in excess of the observed value* This set 
of results is not worthy of further examination therefore.
It is now convenient to examine in detail some predictions 
corresponding to mechanisms in which the auxiliary LIS precedes 
the basic {112} twinning shear. Two of these mechanisms do inCl
fact provide particularly interesting results and merit detailed 
discussion. They are labelled I and II and are characterised by 
(Oil) flll]a or correspondingly (ill) [Oll]^ slip, and (112) [lll]a 
slip or twinning respectively. In both cases the habit plane 
loci are smooth curves joining low and high shear (3,10,15pre­
dictions which pass close to the (225)^ pole. The curves, re­
produced in Fig. 9,are labelled and and pass within ^.8° 
and 3.5° of (252) respectively. These loci appear in the cor­
rect variants of these triangles for the data used but the cor­
responding loci dj and d^^ giving the direction of macroscopic 
displacement, have been rotated into these unit triangles for 
convenience, the correct variants being given by the ,<267> *^ 
directions which are associated with the (3,10,15)^ predictions 
and the separate low and high shear results being represented 
by L and H. The angular separation of corresponding points on 
v and d curves is a function of p, the shape shear, and is 
approximately 75° for the alloy under consideration. In both 
mechanisms I and II, the (112)a twinning shear g^, increases 
uniformly from 0.23^ to 0.353 corresponding to the low and high-
-  67
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Figure 9 • Loci for the habit plane v and shape displacement direction d 
for each of the mechanisms I and II. The habit plane loci 
appear in the correct variants of the two adjacent austenite 
stereographic unit triangles but the displacement loci are 
rotated for convenience to appear in the same pair of unit 
triangles. The lov and high-shear {3910,-15} predictions 
are indicated by L and' E respectively vith the bars on each 
curve representing the solutions for each mechanism correspond­
ing to the minimum in the shape displacement.magnitude.
shear {3,10,15habit solutions respectively. It is thus con­
venient to present in Fig. 10 the variations in magnitude of the 
supplementary shear g_ and shape strain y as well as angles $ and 
0 describing the orientation relationship as a function of .
The curves for gg are similar to each other and of course commence 
and terminate at zero passing through maxima of 0.039 and 0.062.
The two curves for y are also similar, passing through minima of
0.162 and 0.129 between the {3,10,15} low and high-shear standard
Y
theory values of 0.193* However, it is evident that the pairs of 
curves describing the orientation relationship for each mechanism 
are markedly different. These define the moduli $ and 0 of 
the angular deviation between the planes (lll)^ and (l0l)a and 
the directions [10l]^ and [HlJa respectively. The angle «{j passes 
through a marked maximum for mechanism I but a shallow minimum for 
mechanism II. The angle 0, on the other hand, has a marked minimum 
for mechanism I but varies nearly linearly between positive and 
negative values for mechanism II. In Fig. 10 the predictions 
corresponding to the nearest habit plane to (252)^ are clearly 
marked by the vertical broken lines. These predictions are for 
habits lying on the boundary common to the two unit triangles 
shown in Fig. 9* For both mechanisms, only very small supplementary 
shears are required for predictions near (252)^ and these occur, 
especially for mechanism II, very close to the minimum of the 
corresponding macroscopic displacement curve. The values of 
habit plane associated with the exact minimum of this curve for 
each mechanism are indicated in Fig. 9* Also shown are the 
corresponding directions of macroscopic displacement both of 
which lie near <^57>Y* In addition, the values of 0 and <{> de­
fining the orientation relationship are small for each mechanism.
00.2^ 0.29 0.34 0.2^ 0.29
ST
Figure 10 . Shear and orientation relationship predictions for
mechanisms I and II. Ihe curves labelled n and eg
'-'o
give the magnitudes of the shape displacement and 
the supplementary shear, respectively, as a functio 
of the twinning shear gm . The angles 0 and c de­
fine the orientation relationship and are explained 
in the text. The vertical dashed lines refer to 
mechanisms associated with the closest hahit plane 
predictions to {225} «
The full crystallographic predictions obtained from the computer, 
relevant to the nearest habit plane to (252)^ for each mechanism, 
are summarised in Table 5* The exact values of the habit plane v, 
macroscopic displacement direction d, and the shape strain, twinning and 
slip shears represented by y, g^ and gg respectively, are given to 
six places of decimals. In addition, the 3 x 3  matrices represent­
ing the total shape deformation F and the lattice deformation D 
are given, and these as well as the previous predictions are given 
relative to the conventional f.c.c. parent austenite basis. These 
solutions represent the closest approach of over i|,000 possibilities 
examined to the crystallography of the observed {225}^ habits, and 
concludes the results section in which the general pattern of pre­
dictions obtained from the generalized theory has been given. These 
two mechanisms and thier relation to the observed (225)^  crystal­
lography are now examined in detail in the following section.
2.5*1.3 Discussion
The results predicted in Section 2.5.1.2 demonstrate the way 
in which the generalized theory of martensite crystallography, pre­
sented in Section 2.3, may be applied in practice. Also, they 
suggest some new specific mechanisms which may be significant in 
explaining the crystallography of the transformations in steels 
with { 2 2 5 habit planes*
In general, habit planes in steels lie between (3,10,15)^ or 
(259)^ and ( 2 2 5 or {M9J The habit plane loci of Fig. 9
pass through this region of the stereographic unit triangle and 
are thus basically acceptable. The predictions near ( 2 2 5 are 
associated with small supplementary shears and the corresponding 
twinned fraction of the martensite plate is not markedly different
TABLE 5
Predictions for Mechanisms Giving (225^ Habit Planes
MECHANISM I MECHANISM II
V (+0.39^728 +0.826276 +0.1+01817) (+0.373080 +0.839122 +0.395832)
d [-0.51*9870 +0.738086 -0.390988] [-0.1+011+20 +0.767322 -0.500073]
p +0.16307^ +0.130010
+0.290000 +0.258000
ss +0.037181 +0.061699
F
+0.961*605 
+0.01+7510 
-0.025168
-0.071+092 
+1.0991+53 
-0.052683
-0.036031
+0.01+8361+
+0.971+380
+0.980529
+0.037219
-0.021+255
-0.01+3793
+1.083711
-0.051+553
-0.020658
+0.0391+88
+0.971+265
D
+1.1075^1 
+0.069862 
-0.152051+
-0.075763
+I.II6876
-0.038693
+0.11021+8
+0.035870
+0.819512
+1.109775
+0.032770
-0.11+8970
-0.01*1+562
+1.115925
-0.086291+
+0.107873
+0.067257
+0.817811
The two mechanisms I and II are defined by supplementary shears, which 
precede the (112) [lll^ twinning shear, on the systems (Oil) [lll]a 
and (Il2) [l^lla respectively. Results are given for the habit plane 
normal v, the direction d and magnitude p of the macroscopic displace­
ment, the magnitudes of the twinning shear and supplementary shear 
gg, the total shape deformation F and the lattice deformation D.
These predictions are all given relative to the f.c.c. parent austenite 
basis.
from the {3,10,15)^ prediction* This is again consistent with 
experimental work and particularly the lack of observations, 
until recently, of supplementary shears. In addition, the 
two mechanisms are especially simple and therefore attractive. 
Accurate measurements of the magnitude and direction of the 
macroscopic displacement of the total shape deformation are 
difficult and, as indicated in Table 6, show a wide scatter.
For four different iron alloys whose lattice parameters are given, 
the extreme determinations of the macroscopic displacement y and 
the macroscopic displacement direction d are compared. In 
addition, the range of determined dilatation values are given 
and deviations from unity for the most recent experimental ob­
servations are seen to be very small. As in earlier analyses
(15 19)using the standard theory * it has been verified that minor
changes of lattice parameter do not greatly influence the
crystallographic predictions. Indeed, the Greninger and Troiano
lattice parameters adopted in the present investigation are very
similar to those in Table 6 and the predictions are therefore
relevant to these four transformations. The determined y values
range from 0.13^-0.25^. The predicted values lie at the lower
end of this range and the {225}^ habit plane prediction for
mechanism II corresponds very closely to the minimum of 0.129 in
the shape deformation curve shown in Fig. 10, and suggests a real
physical reason why these mechanisms might be preferred. The
predicted d values lie near <223> for (225) habit plane pre- 
«* Y T
dictions and lie within the range of experimentally determined
directions and, in particular, are in good agreement with the
(U2)observations of Dunne and Bowles . These authors have sur­
veyed all the experimental determinations of d directions of 
recent years and have shown that for the (225) variant, results 
scatter widely along the (lll)^ great circle and normal to it.
This variation is real and can explain the predicted results.
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Relatively few experimental observations of orientation re­
lationships of {225}^ martensites have been made which thus makes 
comparison of theory and experiment somewhat difficult. Orienta­
tion relationships can be expressed in a number of equivalent ways.
(15) . .Thus, one way is to express the three Eulenan angles defining 
the mis orient at ion of two orthonormal bases one inscribed in each 
of the parent and product lattices. Alternatively, one can use 
the matrix D of equation (2il2) but either way the orientatioii re­
lationship is difficult to readily appreciate. For preference 
of understanding the relationship is best expressed as the angular 
separation of correspondence - related planes and directions in 
each phase. The most recent determination has been made by 
Morton and Wayman^^ from back-reflection Laue photographs of 
martensite and austenite in an Fe-7«90# Cr-l.ll$ C alloy. The 
significant observations were i) the angle between {111}^ - {011}^ 
is O.U50 and ii) the angle between <101>^ - <lll>a is 0.53°»
The planar separation is in substantial agreement with measure­
ments on another alloy^’*^  where a value of O.Ul0 was obtained 
although the directions were observed to be parallel. These 
angles correspond to <{> and 8 of Fig. 10'. For mechanism II, the 
planar separation is near 0.3° but for mechanism I the observed 
separation is less than the 1.1*° predicted. In addition, the 
predicted angle between the directions is somewhat greater than 
the observed values.
Overall, therefore, the mechanisms are in substantial agree­
ment with experimental results and that mechanism II, which in­
volves a (Il2) £llll slip or twinning shear preceding the basic
(112) [lll3a twinning shear, is particularly attractive. How­
ever, at the same time it is disturbing to find that no double 
shear system incorporating subsidiary {110^twinning predicts
(225) solutions. Nevertheless it is concluded that double shear
Y
mechanisms of the type discussed and here analysed in detail, can 
explain the crystallographic features of particular transformations 
in steels with {225} habit planes although more detailed measure­
ments of the orientation relationship would he useful. However, 
problems concerning compatibility of the two shears and inter­
facial motion do occur but these are general problems and they, 
together with related points,are discussed in Section 2.6.
2.5*2 Titanium Alloys 
2.5*2.1 Introduction
The two most important classes of martensitic transformation 
are firstly the f.c.c. to b.c.t. transformation to which the 
generalized theory has just been extensively applied, and 
secondly the b.c.c. to orthorhombic transformation. By re­
ferring the hexagonal structure to the conventional ortho- 
hexagonal basis, this second group can extend to cover the b.c.c.
($) to hexagonal (a) group of phase changes typified by the trans­
formations observed in lithium, titanium and zirconium and certain 
titanium and zirconium alloys. Titanium alloys, in particular, 
exhibit several interesting features and the recent experimental 
results discussed earlier in Section 1.7*2 suggest it worthwhile 
to apply the generalized theory to these alloys in an endeavour 
to predict the observed crystallographic features.
The early theoretical applications centred around the occur­
rence of plates with both (33^)^ and (3^}g habits and endeavoured 
to predict the habit plane and observed Burger’s orientation re­
lationship. All the applications assume the lattice correspondence 
which degenerates into the inverse of the Bain correspondence when
the orthorhombic product cell becomes cubic. It is shown in 
Fig. 11 where the relation between the orthohexagonal and hexa­
gonal cells is also indicated. The lattice parameters are such 
that the principal strains are small and this ensures that the 
lattice deformation is itself close to an invariant plane strain. 
This is a situation peculiar to the present class of transforma­
tion and its relevance will be discussed in the discussion
section. The particular variant of the correspondence adopted
(55 56)here is that used by previous authors * and is given by
r \
1 0 0W = 0 1 1
0 I 1
where the 0 denotes the orthorhombic product cell. In addition, 
the transformation matrices giving the relationship between 
Miller-Bravais and orthohexagonal indices are required which 
for planes and directions are m = m B and Z = A Z respectively.
W0C <»Oh «01 *»0
Here,
f
2 I
*
0
r
2 0 0
B = 0 1 0 and A = 1 3 0
0 0 2 0 0 '3
V
The similarity of the titanium transformation to the Au-Cd
(55)and CUgAJl transformations stimulated MacKenzie and Bowles into
considering the possibility of a twinned product phase. The
nine parent mirror planes are of the form {100}o and (110}o and
p  p
are shown in column 1 of Table 7 together with the correspondence-
related orthohexagonal planes. In fact, for the Au-Cd system
the planes act as the twinning planes in the product
(6 7 55)phase t,ut for the present case these are equivalent to
77
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Figure 11 . The correspondence for titanium transformations* 
Shown inscribed within the orthohexagonal cell, 
drawn bold is the dashed cell which becomes a 
b.c.c. product cell on application of the pure 
strain.
TABLE 7
B.C.C. Mirror Planes Orthohexagonal Planes H.C.P. Planes
(100) (100) (2110)
(010) (oil) (0112)*
(001) (Oil) (0112)*
(110) (111) (lOll)*
(101) (001) (1101)*
(Oil) (ill) (0001)
(110) (111) (1101)*
(101) (111) (1011)*
(oil) (010) (0110)
A list of the nine parent mirror planes and the correspondence-re­
lated product planes of which those with asterisks are particular­
ly attractive.
TABLE 8
Ki k2 Hi n2 s
Class A 
Class B
(1011)
(1012)
’ (5513)*
(1012)
1[2311]1 
[1011]
[1*1533
[1011]
0.31*3
0 .171
The full crystallography of the most attractive twinning 
systems. The irrational approximations and twinning 
shears refer to pure titanium.
{lOll} planes. In addition, two {100}ft planes are related to
(X p
{1012} planes and MacKenzie and Bowles considered both {lOll} a a
and {1012}^ to act as possible product twinning planes. Com­
pound {1012}^ twins occur frequently as deformation twins since 
the twinning shear is the smallest shear capable of reconstituting 
the hexagonal cell consistent with a simple shuffle mechanism 9
This type of transformation twinning was labelled Class B by
(55) —MacKenzie and Bowles who labelled the Type I {1011} twin-a
ning, Class A. Although never observed as deformation twins,
they are observed to play an important role in the transformation
(7)mechanism of titanium alloys . The full crystallography of
these modes is summarised in Table 8 in which the approximations
are for pure Ti with y, the axial ratio, being 1.587* For the
Class A mode the exact functional dependence on y for K2 is
(y2-l, -2, 3-y2, 7-3y2) and for m  is [8y2-12, -3-^y2» 15-^y2,
27-12y2]. Similarly for the twinning shears for each class,
1 1  1
sA = (kyif-17Y2+2l) a/2.3 .y and s^ = (y2,“3)/32.y. These two
systems were used by MacKenzie and Bowles together with the
lattice correspondence illustrated in Fig. 11 in an endeavour
to explain the {33^}0 transformation in pure titanium. As
p
emphasised earlier, the lattice deformation is close to an in­
variant plane strain and consequently very little internal twin­
ning is expected. This compares favourably with the observations 
of such plates in which twinning is absent. It was found that 
the best fit to the experimental data was provided by the Class A 
{lOll} twinning system coupled with a small dilatation of 0.7%,
The transformations in Ti-alloys are more complex in that
(7
two types of habit are observed to occur 9 , one near {33^}^
the other near {3^*}^. In addition, the orientation relationship 
does not appear to be a fixed quantity. Thus, in some cases the
- 80 -
particular habit which occurs is restricted to those variants 
lying approximately 87° to that {110}^ plane which is trans­
formed to the basal plane, while in others the figure is nearer 
k0° . This variability does suggest that differing LIS
mechanisms could particpate in the observed transformations and 
attempts were therefore made by Crocker and Otte^^ to 
utilise all the observed, low-indexed deformation modes of 
titanium and its alloys in conjunction with the standard theories 
without recourse to a uniform dilatation. It was found that the
{1012} Class B twinning system of MacKenzie and Bowles violated ct
(56)
the M and L restrictions and that the Class A mode was doubtful
(cQ\
Otte , concentrating solely on the habit plane aspect of the 
transformation concluded that the {1122} <1123> twinning system
(X
and {1011} <Il23>a slip system were most likely. However, ex­
perimental observations do not appear consistent with these con-
(56)
elusions. Comparisons by Crocker on the experimentally de­
termined orientation relationship were somewhat indeterminate due 
to the paucity of accurate experimental data. Until recently 
detailed experimental information was still lacking. However, 
Hammond and Kelly have performed experiments on Ti-Mo and 
Ti-Mn alloys and interpreted their results in terms of a stereo- 
graphic treatment of the Bowles and MacKenzie theory of martensite 
crystallography. Two types of {33^}c martensite are observed to 
occur in the manganese alloys and these are shown to correspond 
to the pair of solutions associated with the Class A LIS of 
MacKenzie and Bowles. Dilatations of 0.75$ are required, how­
ever, but to predict {33^}^ plates, li% values would be required 
and this explains the more frequent occurrence of {3^U}^ plates 
in titanium alloys. In addition, Hammond and Kelly expect both 
Class A solutions to occur in pure titanium. These predictions
do seem to be substantiated by the occurrence of stacks of thin 
{lOll} twins observed by electron microscopy which confirms theGC
observations of Nishiyama et al.^^9^ ^.
(W)
In addition to the work of Hammond and Kelly, Ericksen et.al. 
have recently made a comprehensive electron microscopy study of 
titanium alloys containing from 2.k to 5»9 at.# chromium. As 
discussed in Chapter 1, surprisingly intricate patterns of {1011}oc
and {1012} traces were observed and reconciled with twins a
associated with the transformation mechanism. The plates containing 
these substructures were oriented in a manner consistent with 
{33^}^ habit planes although no detailed measurements were made. 
Clearly, a worthwhile application of the generalized theory would 
be to the $ -> a transformation in Ti-Cr alloys, using as data 
combinations of pairs of twinning shears of the form {lOll}^ and 
{1012} , in an endeavour to predict both {33U10 and {3M*}0 habits.ot p p
These habits were consistent with a Burgers orientation relation­
ship of the form {110}^ ([(OOOl)^, <111>^ ||<1120>a, which was 
found by Ericksen et.al. to be obeyed within 2° in every instance.
A second type of transformation occurs in Ti-alloys in which 
an f.c.c. product phase (f) is produced. The transformation is 
martensitic in character and produces plates in which either one 
or two sets of {111}^ , twins are observed^^. The associated 
habit planes for Ti-5# Mn alloys are of the form {105}o and
p
{1,1,10}^ respectively. Reasonable habit plane predictions are
obtained but the predicted volume ratio of the twinned regions 
for the second case is in error by a factor of 2. In addition, 
the {1,1,10}^ habit is only predicted if a V shaped plate is 
assumed to exist in which two type plates associated with
differing {lll}f twinning systems in each region have habit planes
which combine vectorially. However, the electron microscopy 
results clearly show that the two twinning systems co-exist in 
the same region of the plate and as such means that only a 
generalized theory incorporating a pair of unrestricted shears 
can explain the crystallography.
It is clear, therefore, that martensitic transformations 
in Ti-alloys occur which have substructures inconsistent with 
the predictions of the standard theories. These transformations 
would seem to provide therefore, further opportunities to which 
the generalized theories may be applied and the data and subsequent 
results for these transformations are discussed in detail in the 
following two sections.
2.5*2.2 Data and Results for the b.c.c. •» h.c.p. Transformation
Unlike the transformation in steels, it is not possible to 
consider all likely combinations of pairs of operative deformation 
systems to act as the double LIS mechanism. Just taking only the
( g-Q \
slip and twinning systems in the product h.c.p. « phase would 
require the investigation of combinations of intrinsically 
different systems. Consideration of the number of crystallographical- 
ly distinct variants for each of these systems confirms the magnitude 
of the problem in its present form and, to limit the task, recourse
(lj.7)
is therefore made to the observations of Ericksen et.al. • The 
mode common to all their observations appears to be the (lOll) 
,<23lI>lC{ twinning shear which was used in all the early and recent 
theoretical applications. This mode is combined with all the 
possible variants of {1012} <I011>a twinning and alternative 
variants of {lOll} ,<23ll>,a, to be consistent with the microscopy 
observations, and gives rise to a total of 102 double shear systems 
some of which are crystallographically equivalent. Even this
would require approximately twice the computing time spent on the 
steels transformation and to reduce the problem to more realistic 
proportions,the criterion of Bowles and MacKenzie is adopted which 
restricts the operative twinning plane to derive from a parent 
mirror plane. This restriction is applied to both component twin­
ning shears and results in 10 systems the component shears of which
are summarized in Table 9» Modes 1-1* combine both {1011} anda
{1012} twins while mode 5 is characterized by the occurrence of a
different {1011}a variants. Allowing the component shears to 
reverse in order then produces the 10 systems including, now, modes 
6-10. The question of twin intersection and mutual compatibility 
will be discussed more fully in Section 2.6 but it should be ob­
served that Cahn's intersection c o n d i t i o n s a r e  only obeyed by 
modes 1 and 1* of Table 9* Calling A the crossing twin, B the 
crossed twin and C the secondary twin, enables the conditions to 
be expressed as i) the traces of A and C in the twinning plane of 
B must be parallel and ii) the direction, magnitude and sense of 
shear must be identical in A and C. The crossed twin in modes 
1 and i* have (lOll)^ and (l01l)a composition planes respectively 
and contain the [OlllJ^ and [011l3a twinning directions of the 
crossing twins which thus remain undeviated. This does not 
occur in modes 2 and 3 and cannot occur in modes 5 to 10, in­
clusive, because the irrational twinning directions of the cros­
sing twins in these cases can not lie in two different rational 
planes.
This completes the analysis of the double shear input 
systems which were combined with the conventional lattice cor­
respondence of Fig. 11 and applied, in particular to the $ •* a 
transformation in Ti-5.5 at.# Cr alloys. The relevant lattice 
parameters are a(3) = 3.25 A, a(a) * 2.9*+ A and c(a) = U.66 2 and
are very close to those for the transformation in pure titanium. 
However, previous workers have noted the sensitivity of the pre­
dicted results on the lattice parameters and for those pre­
dictions of interest, the calculations have been repeated for
o o
the lattice parameters a(fO = 3.2J6 A, a(a) = 2.960 A and
c(a) = It.686 X, which pertain to unalloyed titanium. For both 
sets of parameters, the twinning shears approximate to 0.3^3 and 
0.171 for the {1011}a and {1012} systems and the input value of 
was varied in increments of O.Ol* and 0.02 respectively between 
zero and the twinning shear itself. As for the steels case, 
constraints were written into the computer programme to prevent 
unnecessary calculations in cases where the predicted g^, satis­
fying the invariant plane strain condition, lay outside the range 
0 < gj < s where s is the appropriate twinning shear. It is 
clear that the restrictions on the permitted values of g^  and 
are far more severe than for the steels case and therefore the 
permitted loci are correspondingly far smaller.
TABLE 9
Mode No. Twinning Shear 1 Twinning Shear 2
1 (1011) *[2311]1 (0112) [0111]
2 (1011) 1[2311]* (0112) [0111]
3 (1011) 1[1321]? (0112) [0111}
k (1011) ,[l32l]t (0112) [0111]
5 (1011) *[2311]? (1011) •[1321]’
• ..................... - .............. - .
The five combinations of {1011} ®<2311>* and {1012}
<1011> twinning systems (possessing component shear planes 
which both derive from parent mirror planes) which when com­
bined with the modes defined by the reverse order of the 
shears, constitute the ten double shear input modes.
Initially, the results were scanned for habit planes predicted
in the vicinity of {111}0 and in particular near {33^}„ and {3M0o.
p  p  p
Of the 10 double shear systems, only modes 8 and 9 failed to pre­
dict loci passing near both the required poles. The remaining 
crystallographic parameters for these modes were then compared 
with the known experimental data which immediately rules out modes 
1, 2, 6 and 7 through inconsistencies with the Burger’s orienta­
tion relationship while, in addition, the magnitudes of macro­
scopic deformation were well in excess of the observed values for 
modes 3 and k and these, too, are ruled out. This leaves only 
modes 5 and 10 and the predicted habit plane loci are plotted on 
the two 001 austenite half-stereograms of Fig. 12. The loci, 
plotted in the vicinity of the 111 pole of the stereogram, com­
mence from the point marked L which corresponds to zero supple­
mentary shear and characterizes, for diagrams (a) and (b), the low 
and high shear standard theory predictions respectively. Increasing 
the supplementary shear causes the two loci to be traced out which 
terminate at the points marked H at which, for diagrams (a) and (b) 
respectively, the high and low shear standard theory predictions for 
the supplementary mode occur and where, in addition, g^  = 0. The 
corresponding macroscopic displacement loci, plotted in their cor­
rect variant with respect to the habit planes, occur in the left-hand 
half of the stereograms and are bounded by points H and L which re­
tain their meaning. In addition, two dashed loci are plotted 
which refer to the habit plane predictions for transformations in 
pure titanium and it can be seen that these together with the loci 
for the titanium allqy lie within the required region and are thus 
basically acceptable. Unfortunately, the major experimental 
effort expended on the transformation in titanium and its alloys 
has been on the determination of and inter-connection between the 
habit plane and orientation relationship, and very few published
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Figure 12. Standard cubic half-stereograms indicating the habit plane and
shape displacement loci for modes 5 and 10 'which are character­
ized by winning on variants of {1011} *< > * . The low and
high single shear standard theory predictions are labelled L 
and H respectively and the dashed traces indicate the effect 
on the predictions of replacing the lattice parameters of the 
titaniura-chromium alloy by those of pure titanium.
results exist for the direction of the macroscopic strain* How-
(6l)
ever. Gaunt and Christian have published shape shear determina­
tions for the case of Ti-Mo alloys. These are the components of 
the macroscopic shape direction resolved in the habit plane but as 
the volume change on transformation is under 2% for the present 
case, a direct comparison is still meaningful. In this connection, 
and making allowance for the difference in lattice parameters, the 
published results would seem to be not inconsistent with the 
theoretical predictions of Fig. 12. The remaining crystallographic 
parameters are,however, better documented and as in the steels case 
it is found convenient to present the variation with g^, of the shear 
strain of the supplementary shear, of the shape strain y and shear 
strain g^  as well as the angles 0 and <f> defining the orientation 
relationship. These angles represent the angular separations <j> of 
the correspondence related planes (011)^ and (0001)^, and 0 of the 
correspondence related directions [lll]^ and [1120]^. These 
variations are presented in Fig. 13 which indicates the standard 
theory solutions at the extremes of the abscissa for which one 
of the shear strains is zero. Experimental determinations of 
the shape strain magnitude indicate surface tilts of 3-5°• How­
ever, the evidence suggests that accommodation slip occurs with­
in the plate and masks the true tilting. Hence, following 
Crocker(56)^ surface tilts of anything up to 13° are allowed for 
in the predictions. Although plotted as a strain y, the shape
displacement is closely related to the surface tilt a through
. *2. *2.
the simply derived equation yz = r sec a - 2r + 1. Here
T .
r « v F v where F and v have their usual meanings. The
vertical line in Fig. 13, through g^ = 0.09 and corresponding 
to a tilt around 13° therefore divides the crystallography into 
two regions, the left hand one of which predicts a satisfactory
38 -
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Figure 13. Shear and orientation relationship predictions for mode 5*
The curves labelled y and g-i give the magnitudes of the shape
displacement and the first twinning shear as a function of
the second twinning shear g2 . The angles 6 and <■> define the
orientation relationship and are explained in the text. The
o
vertical line, corresponding to a shape strain of 13 > de­
marcates physically realistic predictions which have surface 
tilts less than this value.
total shape deformation. Considering the orientation relation- 
ship, it can be seen that the smaller values of 0 and $ are coin­
cident with the left hand region and of these angles, 0 encouraging­
ly passes through a minimum for a small amount of shear on the 
supplementary system. Experimental determinations of 8 and 4> by
(1*7)
Ericksen et.al. for the alloy in question indicate that for 
all plates, regardless of the substructure, the Burger’s relation­
ship is obeyed to within 2°. However, the theoretical predictions 
indicate that 0 and <j> are never simultaneously less than 2° in 
either region although at one point they are both close to 2i°.
The evidence is suggestive therefore that mode 5* in which variants 
of {1011}^ twinning are assumed to occur, cannot simultaneously 
account for the total shape deformation and orientation relation­
ship. Finally, in Fig. 1^, the theoretical predictions for mode 
10 are presented in which the same twinning shears are involved
but in a reverse order with (lOll) twinning ’preceding* (lOll) .
06 06
As before, there is a full vertical line, here labelled Q, which 
divides the predictions into two regions. However, how it is 
the right-hand region which characterises the satisfactory total 
shape deformation predictions. Superimposed upon the predictions 
for the alloy containing 5*5 at.$ Cr are the predictions for pure 
titanium which indicate the extreme sensitivity of the computer 
results on the lattice parameters of each phase. In fact, the 
percentage change of the a(8), a(a) and c(a) dimensions are only 
0.8, 0.3^ and 0.58 respectively but the relative changes in the 
crystallographic predictions are very much greater. Hence the 
essential requirement of accurately determined lattice para­
meters. Fig. lU demonstrates that the dashed curves showing the 
dependence of y, g^, 0 and <f> on g^ are of a similar shape to the 
full curves but the former are prematurely terminated by the line
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Figure 1^ . Identical figure to that in Fig. 13 3 for mode 10. Super­
imposed upon the predictions for the titanium-chromium alloy 
are those corresponding to a pure titanium product. In 
this case, the horizontal scale ends at the vertical line R 
and the vertical line ? is equivalent to Q in that it de­
fines a region of acceptable surface tilt values to its •
right.
R. This steins from the fact that the relevant standard theory 
solution now occur for zero gj at s 0.09* In addition the 
second standard theory solution for zero g2 occurs at g^  « 0.10 
and the dashed curves are compressed in two dimensions. The 
third line P, which is dashed, is equivalent to Q and therefore 
is a demarcation line for acceptable values of y. Analysing the 
magnitude and variation of 0 and <j> shows that again a minimum to 
0 occurs in the desired region. However, once more the angles 
0 and 4> never simultaneously dip below 2° and the overall con­
clusion is inevitably that of the many mechanisms possessing 
double shear systems consistent with experimental results, the 
most likely ones, which possess separate twinning systems for 
which twinned regions are associated with crystallographic variants 
of the same lattice correspondence, are unable to predict the ex­
perimental results. However, this statement must be taken with 
reservation until a complete and detailed crystallographic analysis 
has been undertaken on a range of individual alloy systems with 
special emphasis placed on the accurate determination of the 
direction of macroscopic deformation, the lattice parameters and 
the orientation relationship.
2.5«2.3 Data and Results for the b.c.c. -> f.c.c. Transformation
As a final example of the application of the generalized theory, 
the spontaneous transformation occurring in thin foils of certain 
titanium alloys is studied. These transformations occur as a re­
sult of thinning processes involved in the preparation of thin 
foils suitable for transmission electron microscopy and have been
examined recently by Hammond and K e l l y i n  molybdenum and
(
manganese alloys of titanium. Preliminary studies by Otte 
using the most reasonable deformation modes as input data to the
standard theories were inconclusive hut a more thorough investi­
gation is now possible using the recent results of Hammond and 
Kelly in conduction with the generalized theory. The phases 
which are related by the transformation are b.c.c. and f.c.c. 
and the correspondence relating them is clearly the inverse of 
the Bain correspondence. The particular variant used in the 
analysis is
f1 1 0
<6CP = 1 1 0
0w 0 1 /
and follows that adopted in the stereographic analysis of Hammond 
and K e l l y £ n^ ca-ted earlier, the microscopy results 
indicate a twinned substructure sometimes on more than one set of 
planes and it is these cases at which the theory is aimed. As 
for the b.c.c. h.c.p. transformation, the first step is to 
consider the parent mirror planes and the corresponding product 
planes. The nine mirror planes are listed in Table 10 together 
with the product twinning planes and the conjugate twinning dir­
ections. Of the twinning planes, five are product symmetry planes 
and can therefore be disregarded. The remaining planes are all 
acceptable {111}^ systems and the full indices of the four re­
maining systems are given in column The modes are conjugate - 
related in pairs and initially all combinations and their re­
verse orders are considered as input double shear systems. An 
analysis of the angles between the planes and directions of each 
component shear resolved in the austenite basis indicates that 
of the six combinations, only three distinct systems arise.
Allowing for a change in order of the shears gives rise to six 
double shear systems which can be considered suitable.
TABLE 10
Parent
Mirror
Planes
Kj
Plane
n2
Direction
Full Indices of Twin Mode Mode No.
100 llO 110 *
010 110 110
001 001 001 *
110 100 100 *
101 ill 112 (111) (111) [1123 [112] 1
011 111 112 (111) (111) [112] [112] 2
110 010 010 *
101 ill 112 (111) (111) [112] [ll2] 3
Oil 111 112 (111) (111) [112] [112[ k
A list of the nine parent mirror planes together with the associ­
ated product twinning planes, the conjugate twinning directions 
and for those rows without asterisks which characterise product 
twinning planes which are mirror planes,the full indices of the 
twinning system.
X-ray patterns of the f.c.c. phase indicated reflections
o
consistent with a lattice parameter of U.5 A. This compares 
with a lattice parameter of 1+.13 A assuming the close-packing of 
titanium atoms and the difference is attributed to the presence 
of interstitial hydrogen. For each double shear system, two 
sets of predictions were obtained corresponding to product lattice 
parameters of ^.5 X and ^.05 A, a change of -10$. These pre­
dictions were obtained from the computer programme which, as before,
only prints out if the product phase equivalent of both g^ and
the input shear g are less than the twinning shear s which is 
2
2 %
An analysis of the computer results indicates that the
{ 1 0 5 habit planes corresponding to singly twinned plates are
fairly well predicted. This is in agreement with the stereo-
graphic standard theory predictions for which only small dilatations
are needed for improved correlation. However, as before, the twin
ratio factor is in error by a factor of two. Unfortunately, no
further measurements on shape strain were made and additional
comparisons are not possible. Scanning through the six sets of
results corresponding to the six double shear modes surprisingly
yielded no habit plane loci in the region of {1,1,10}_ even upon
p
reducing the incremental values of g . The inclusion of a second
2
set of twins within the martensite plate clearly modifies the 
macroscopic habit and it would be tempting to associate the dif­
ferent habit with deformation twins propagating through the plate. 
However, Hammond and Kelly clearly conclude that both sets of twins 
participate in the transformation process which suggests that the 
generalized theory is inapplicable to this spontaneous transforma­
tion occurring in alloyed titanium.
2.5*2.1* Discussion
The previous two sections indicate that the generalized theory 
is incapable of fully accounting for the crystallography defining 
the transformations in titanium alloys. The development of the 
theory was, of course, stimulated by the recent experimental ob­
servations in iron alloys. The most important of these observa­
tions, as dealt with in Chapter 1, were the occurrence of multiple
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shear mechanisms and the absence of measurable interfacial 
dilatations. The existence of multiple shear mechanisms has 
been fully established in certain titanium alloys and was respons­
ible for the two additional theoretical applications presented in 
Sections 2.5.2.2 and 2.5*2.3. However, no parallel dilatation 
experiments have been conducted on titanium alloys which, in this 
connection, are somewhat unusual. It was first observed by 
Hishiyama et.al.^^ and later confirmed by Hammond and Kelly 
that the interface separating the phases was not planar but 
serrated. The alternate planar sections comprising the boundary 
correspond, for the singly twinned plates, to regions of dif­
fering orientation which are twin related. The boundary itself
defines a {3^}„ macroscopic plane while the serrations are de­
li
fined by planes with {33U}^ indices. In addition, the lattice
deformation causing the structural change is very close to an
invariant plane strain with the undistorted plane having indices
(33^}0. Thus, each twin has an interface similar to that of untwin- 
p
ned titanium martensites which, to prevent the distortions across
the twin/matrix interface from building, is periodically corrected
by a region of material having a twin related orientation to the
first with an undistorted plane of a different {33^}fl variant.
p
Certainly, distortions exist in the boundary which correspond to
the mismatch across each twin/matrix interface and it is essential
before applying any further theory of martensite crystallography,
to establish whether these small scale distortions cancel on a
macroscopic scale and if not to further establish the degree of
anisotropy which they exhibit. Isotropic dilatational strains
(6 T)are easily incorporated into any F = R P S2 Sj formulation *
** * * * * * *  A#
but no general theories exist capable of dealing with anisotropic
interfacial strains. Additional points of interest and problems 
also rise but which do not apply specifically to the reactions in 
titanium alloys and they will therefore be considered more fully 
in the following section.
2.6 General Discussion
The inclusion of an additional, unrestricted LIS into the
decomposition of the total shape deformation, introduces a number
of complications regarding the propagation of the plate but at
the same time raises some interesting speculations. Of particular
interest is the dependence on the predictions of the order of the
component shears Sj and S2 and the interaction between them. In
(51)this connection, Acton and Bevis emphasise the necessity for
the two shears to be able to co-exist in the same matrix and this
restricts, for the case of {110} and {112} twins in the martensite ’ a a
phase of the reaction in steels, not only the variants of each twin 
but also their ’order’ of occurrence. This in itself raises 
another question as to why particular variants of the auxiliary 
system which predict reasonable solutions, should occur in pre­
ference to other equally attractive variants.
The problem of compatible component shears is three-fold, 
corresponding to the occurrence of either two twin systems, two 
slip systems or one of each. In addition, the physical signi­
ficance of the ordering must be considered. Thus, the occurrence 
of two slip shears or one slip shear preceding one twinning shear 
is not expected to lead to difficulties since the first slip shear 
leaves the lattice invariant and the subsequent shear, either slip 
or twinning, is able to propagate quite freely. However, the 
remaining cases are more troublesome. When the twinning shear
occurs prior to the slip, the associated dislocations must pass
easily through the twins* In fact, this process is thought
to be partly responsible for the enhanced strength of ferrous
martensites^^9^ ^  although the dislocations are not specifically
associated with the transformation mechanism* A plausible twin
/go)
boundary dislocation association mechanism has been suggested 
to account for the passage of dislocations with a/2<lll>a Burgers 
vectors through {112}a twins and such mechanisms could well account 
for the easy lateral growth of martensite plates in which twinning 
precedes slip. Physically, this introduces an interesting com­
putational problem. Having chosen a g , the twinning shear g
2 1
is calculated from equation (2*3). However, this twinning shear
modifies the effective slip shear g , plane m and direction
2
Having obtained the new slip indices, an iterative technique can 
be established to predict convergent matrices Sj and S2 which 
predict again an associated crystallography corresponding to an 
input value of g^. However, such a technique has been attempted 
neither for steels since, fortunately, the acceptable predictions 
here involve the slip shear preceding the twinning shear, nor for 
the two titanium transformations since only pairs of twinning 
systems appear to participate in these transformation mechanisms. 
Finally, comes the problem of twin-twin intersections which, 
ideally, should be consistent with Cahn*s continuity criteria discus­
sed in Section 2*5.2.2. As shown, these criteria are rather re­
strictive and from several studies of the intersection of mechanical 
twins, appear unjustified. Thus, Reed-Hill^^ from experiments 
on magnesium, shows that the shear of the crossing twin may be 
partly transmitted through the crossed twin by an unspecified slip 
mechanism. Clearly the occurrence of similar mechanisms in 
doubly twinned martensite plates could explain their growth.
Ideally, of course, the deformations represented by the 
various matrices occur simultaneously at the interface as it propa­
gates. There is, therefore, no a-priori reason why the pre­
dictions for S2 preceding Sj should be preferable to those occur­
ring when the order is reversed. An interesting algebraic ex­
cursion, however, does provide a solution which is independent of 
the order of resolution of the shears in the fundamental equation 
(2.1). Thus, following equation (2.2), and adopting the procedure 
of Chin et.al.^^,
T TSi I + g mj and S2 = I + yg, £2 m2
m m  + m m m m  *  m
where y = ra^ °  s^ ear strain magnitudes in
each system. Consider, initially Si to be followed by S2 with
m m
the resulting shape deformation
M = S2 Sj » I + g (£1 + y £2m2) + g^  y(£2 mf £1 nq)
m m m m 1 m m m m  *
* I + gx Mi + gj m2 .
Suppose now that the final situation is achieved by a continuous
series of alternating small shears on each of the slip systems 1
17and 2. After N such alternations M = (S2Si) . In the limit,
m m m
let N » and g^  -*■ 0 such that the product N g^  X which is a constant 
representing the accumulated amount of shear in system 1. Thus,
M = lim (S2 8i)X^el = lim (I + g Mx + g* M2)X/fgl .
~ ~ ~ Bfo ~
As g -> o, M2 does not enter the desired limit which is M « e^ !?1.
2 *
Reversing the order of the shears gives M = I + g1 Mi + M2 
* T Twhere M2 = £1 mi £2 m2 # M2. However, in this case, the limiting
m m m m m m
value of M is unchanged since the limit is independent of M* or M2
m m m
and the deformation due to the pair of slip systems is independent
of their order. The algebraic evaluation of the limit of M
(65)is quite simple and yields
M « I + Mi 3”1 sinh (x&) + Mf 0~2 [cosh (X3) - 1]
T T
where 3 = y(“i ^2) (m2 The equation for M contains two un-
pm
knowns, y ^y choosing a value for Xy » y and hence X can
be obtained from the equation |M^ P2 M - l| =0. Again, therefore
a locus of crystallographic features is obtained corresponding to 
input values of Xy and it may be that this procedure has more 
physical realism than the more conventional method inherent in 
the theory presented in Section 2.3.
(12)The BB version of the standard theories describes the 
dislocation substructure of the boundary as an array of parallel, 
like, equi-spaced dislocations. For well established shear 
systems there is no problem regarding their mobility and hence 
that of the interface. Similarly, combinations of shears involv­
ing unique shear planes or shear directions should leave the 
interface glissile. However, when the component shears are in­
dependent, the dislocation lines corresponding to each shear system 
are not invariant lines of the transformation and consequently 
both sets become segmented through mutual interference at the 
interface which thus becomes sessile. This problem in turn 
may be resolved by considering the boundary to consist of two 
closely spaced interfaces each containing one set of dislocations. 
This would allow for glissile motion but of course the separate 
interfaces are no longer invariant planes of the transformation.
The procedure suggested earlier in which the predictions are 
independent of the order of the shears unfortunately throws little 
light on this problem which would clearly benefit by the 
initiation of detailed experimental work to determine the dis­
location structure of the interface.
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Finally, there is the possibility of generalizing the theory 
still further by the inclusion of a third lattice invariant de­
formation. In addition, uniform dilatations may be easily in­
corporated but any future applications along these lines would be 
ill advised until improved experimental techniques are available. 
The resulting algebra would become extremely complicated and an 
alternative but simpler approach welcome. Hence,in Chapter 3 
an elegant reformulation of the algebra is presented of the 
generalized theory of martensite crystallography which forms 
the basis of the present chapter. This particular phase change 
is only one of a number of degenerate cases which may be analysed 
from just one general theory of transformation phenomena which is 
now presented together with detailed examples of the degeneracies.
Note added in proof:
Private communications by R. M. Wood and by G. Thomas to 
A. G. Crocker have further established the presence of multiple 
shears within plates of martensite. Thus Wood has observed 
{ 1 1 0 markings in addition to the conventional {112}^ twins and 
associates these with secondary twinning. His habit plane de­
terminations appear to fall within three distinct regions all 
away from ( 2 2 5 and each he associates with differing {110}^ 
variants. Thomas interprets the markings within plates of 
Fe-Ni-V-C martensite as due to doubly twinned regions of 
martensite which have undergone shearing on {H0)a planes. He 
concludes that the fragmentation and displacive nature of the 
twins is consistent with the shear succeeding the twinning 
operations.
CHAPTER III
TRANSFORMATION STRAINS IN LATTICES
3.1 Early Development of Phase Transformation Theories
The mechanism by which atoms in the parent phase of a material
undergoing transformation* move to their positions in the product
phase as the interface moves through them is somewhat obscure and
can not be explained by the phenomenological theories of martensite
crystallography* The early phase transformation theories which
(66)
have been reviewed by Bowles and Barrett were primarily con­
cerned, however, with atomic paths and endeavoured to explain and 
predict these paths initially in terms of shears* The complexity 
and sophistication of these theories increased through the years 
and eventually the martensite crystallography theories in their 
present form evolved as a consequence* It is of interest and im­
portance to review, briefly, the most relevant of these theories 
since they are closely connected to a theory of transformation 
phenomena presented in detail in this chapter. This theory in 
its most general form incorporates all the generalized twinning 
and martensite crystallography theories as well as introducing for 
the first time a transformation theory in which lattices are re­
lated by one or more invariant plane strains* When these strains 
degenerate into homogeneous shears incapable of causing volume 
change, the close similarity between the transformation theory and. 
the early phase transformation theories is emphasised*
(6l)
The forerunner of the early theories was due to Bain who 
in 1921* suggested that the o and y phases of iron were related by 
a pure strain which is of course retained in the current theories*
This model which, along with the single and double strain models 
is summarised in Table 11, evidently satisfies neither the ob­
served habit plane nor the observed orientation relationship and 
alternative mechanisms were sought. These mechanisms invariably 
depended on the measured orientation relationship which for steels
t /TQ \
permits a choice of three. Thus, Kurdjumov and Sachs de­
termined the orientation relationship for a 1M  carbon steel 
and proposed a double shear mechanism in which the austenite was
sheared homogeneously on the system (ill) [211] followed by a
Y
shear on the product system (211) [111] ^ • The orientation re­
lationship was of course satisfactory and a product cell was 
formed with approximately the observed lattice parameters. How­
ever, the predicted habit plane which was {111}^ and the surface 
relief parameters were inconsistent with the experimental observa­
tions • A different orientation relationship was observed by 
Nishiyama^^ in a Fe-30$ Ni alloy and consequently an alterna­
tive mechanism was suggested. This was the first of the single 
shear mechanisms in which the austenite was sheared on the system
(ill) [211] by an amount tan”1 (8”5) or 19° 28*. In addition, 
however, atomic adjustments were specified to provide for a cor­
rect product cell. These adjustments amounted to an expansion 
of 13*3$ in the [°llJa direction and contractions of 7*5$ and 
1.9$ in the [21l]a and [lll]a directions respectively and are 
consistent, therefore, with a pure lattice deformation. The
same criticisms recur, however, in that a {111} habit is pre-ex
dieted along with unsatisfactory surface relief parameters. It 
is of interest to note that the matrix formulation of this pro­
cedure is surprisingly similar to the martensite approach since 
the basic equation is p = P S c in contrast toF c = R P S c.
«t M %
Further, since P and S are known together with c, the product
TA
BL
E 
11
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direct lattice metric can be found. If the product cell is 
accurately tetragonal this metric should be diagonal with values 
c2, a2 and a2 where c » ay and y is the axial ratio. The 
calculated values are in vexy good agreement with those required 
but the off diagonal terms are not zero thus implying a triclinic 
product cell.
Although the majority of theoretical and experimental work
related to steels, other shear mechanisms were suggested for
transformations in zirconium by B u r g e r s a n d  for transforms
(71)tions in indium-thallium allqys by Bowles, Barrett and Gutman • 
The former was another single shear mechanism comprising shear on 
the (112) [ill] system of the b.c.c. parent but only predicts, 
successfully, the b.c.c. - h.c.p. orientation relationship.
The second transformation was of a double shear nature involving 
crystallographically equivalent shears of the form (101) [Id] 
followed by (Oil) [oil]. These were shown to transform the 
cubic parent into an approximately tetragonal product and further 
predicted the observed {101} habit, the internal substructure 
and the relief effects providing the second shear was heterogeneous.
The most important remaining double shear theories were all 
concerned with steels. The first of these was due to Greninger
/•. o\
and Troiano in an important combined experimental and 
theoretical paper. The observed habit for the Fe-22$ Ni-0.8$ C 
alloy was (2 5 9 021 d the proposed mechanism involved a shear 
on the habit plane in an ill-defined direction followed by a
(112) [ill] shear system. The first shear is homogeneous and
(X
produces the observed shape change while the second is heterogeneous
and gives rise to no observable macroscopic effects. The theory,
(2 k 6 1 9)
very similar to the BM version of the standard theories 9 9 * 9 ,
can not incorporate volume changes and superimposed anisotropic 
expansions were included which reach k*2% in the tlOO]a direction. 
As a result, the mechanism predicted the hahit plane and surface 
relief effects successfully and gave a fairly accurate product 
structure. The predicted orientation relationship lay mid-way 
between the Kurdjumov-Sachs and Nishiyama relationships and com­
pleted the most satisfactory theoretical application of the steels 
transformation to that date.
(72)A different technique was adopted by Jaswon and Wheeler
who plausibly assumed a minimum displacement hypothesis in which
atoms in the austenite move to the nearest available martensite
sites. These displacements were treated as a homogeneous strain
and a corresponding strain matrix determined which in turn enabled
unrotated planes to be predicted. This was the criterion for
operative habit planes and such a plane within 1.5° of {225)^ was
predicted. However, such a technique does not permit a suitable
matching as the atomic configurations either side of the boundary
will, in general, differ. The combined problem of providing an
atomic match and allowing for volume changes finally came with
(73)the publication of papers by Machlm and Cohen and secondly, 
(7U)Bowles . In both cases the first deformation was not a shear
but a generalized lattice invariant strain. Machlin and Cohen
used an alloy containing 30# nickel while Bowles used a 1,35% C
alloy and the observed habits therefore differed. The preliminary
strains were therefore different and were, respectively,
(259) [l56] and (225) lll2] • The secondary strains remained 
Y Y
shears and were (235) [lll3M and (112) [lll]^. Hence, Bowles 
took the second shear, which was again heterogeneous, to be that 
suggested by Greninger and Troiano. Although these defomations 
do not exactly produce the martensite cell, the remaining
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crystallographic parameters are in good agreement with experiment 
and the associated mechanisms were the last of the original double 
shear theories to be published before the advent of the current 
martensite crystallography theories.
The initial success of the standard theories resulted in a
cessation of the double shear mechanisms as possible explanations
of actual processes. This is perhaps somewhat unfortunate since
it is known that martensite is nucleated hetrogeneously and
favourable nucleation sites include regions containing complex
patterns of dislocations, It has been suggested that the final
crystallographic characteristics could be determined by the nature
(75)of the nucleation source and in particular the nature of the
(76}dislocations. In this connection Bogers and Burgers con­
sidered the transition between the f.c.c. and b.c.c. lattices in 
terms of a pair of shears and tried to reconcile these with 
Shockley type partial dislocations. It was shown that a shear
along a {111} _ plane in a <112>~ direction of magnitude l8”1axlI 1 f.c.c
<112> followed by a shear on a {110}^ plane in a <110>^ direction 
of magnitude 8~1a. <110>, produced a truly b.c.c. lattice.
D  . C  * C  *
The corresponding dislocations were treated as partial disloca­
tions which displace atoms by a fraction of the normal distance 
although it is hard to visualize such partials enforcing motion 
perpendicular to the shear planes. Such motion is a result of 
the physical billiard ball type models adopted which suggested 
the above mechanisms. Although no direct comparison with the 
martensite theories was made it was emphasised that the observed 
orientation relationships could be obtained at will merely by 
subtly altering the mechanism.
Clearly, such analyses are of practical interest and importance 
and are related to the theory presented in the following section. 
This theory is more general, however, in that the deformation of the 
parent lattice is caused by invariant plane strains rather than 
shears which form a degenerate case.
3.2 A Generalized Theory of Transformation Strains
The mathematical techniques which are used in the theory,
(77)derive originally from an analysis made by Crocker on double 
twinning processes in magnesium. For the first time, the 
feasibility of twinning modes with 3 or ^ irrational elements 
was presented and this in turn prompted Bevis and Crocker to
/  rrQ \
develop a generalized twinning theory and to apply it to 
specific l a t t i c e s T h e  fundamental concept is that the de­
formation associated with twinning may be resolved into a rota­
tion and a strain which may be represented by a unimodular cor­
respondence matrix. For the case of dissimilar parent and pro­
duct lattices the original theory is now generalized in two 
distinct ways. Firstly, the twinning shear becomes an invariant 
plane strain which is resolved into a rotation and a characteristic 
strain which specifies the transformation process under considera­
tion and may be resolved into several deformation operations. 
Secondly, the total shape deformation and component strains are 
considered to operate on different lattice bases which correspond 
to the parent and product lattices of the given transformation.
In the applications of the theory, the parent and product lattice 
parameters are required as data and there is no problem of the 
lattice deformations failing to exactly produce the correct pro­
duct lattice as was the case in the original double shear theories.
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Consider two lattices defined by the direct lattice reference
bases c. and p. where i = 1, 2, 3. The corresponding reciprocal
+ •
lattice bases are denoted by c1 and p and the four metrics by
c. . * c. . c., p.. = p. . p., c1  ^= c1 . c^  and p1  ^= px . p^. *
ij -i ~0 10 -1 -0 - - - ~
Let the parent lattice be deformed by an invariant plane strain 
of magnitude f on the plane of unit normal h.c1 in the direction
AA* . X ~
of the unit vector XXc^ . Adopting the summation convention of 
tensor calculus provides
AA/ .
h.h. = c. . \x = 1 . (3.1)
3-0
As a result of the deformation, the triplet of basis vectors c^
Fbecome c. where~i
Fc. = F1 . c. . (3.2)
-0 0 —3.
The matrix F1 .^ represents the invariant plane strain and has elements
Fx * <SX + fuxh. , (3.3)
J O  0
Now let the second lattice be subjected to a general deformation,
homogeneous in nature and represented by D*. As a result, the
0
triplet of basis vectors p^ become ^p^ where
V  = DX p . (3.10
~J 0 ~-L
F DIf the deformed bases c. and p. are identical then
Fx c. = DX p. , (3.5)j .1 J U  ’
and by resolving D* into a rotation and a characteristic strain 
3
represented by R* and Ax respectively, (3.5) becomes 
0 <3
Fx c. = R1 A3? p. . (3.6)0-1 k o ~3.
The RX may he eliminated by using the identity p = p.. R^ R^0 KXr 1J X £
whence
c.. Fx = p.. Ax A^ . (3.7)ij k £ *ij k £
For a given transformation c*., p.. and A't are known and the re-
i j* *ij o
maining theory determines the elements of Fx. Substituting (3.3)
0
into (3.7) and using (3il) provides the following six simultaneous 
equations symmetric in 1 and j
X. .(h,u,A) * f2 h. h. + f(c». uk h. + cft. u* h.) + n.. * 0 . 
ij * 5 1 0 ik 0 £j 1 ij
(3.8)
k £Here, n.. = c. . - q. . where q. . = p A. A.. The magnitude of
the invariant plane strain may be obtained by forming X.. c1^
3-0
which yields
f2 = c1  ^q.. - 2F - 1 (3.9)ij
i • iwhere F = 1 + fu h. and is the determinant of F.. The formation
3- J
of the expression 2h h0 X 0 - h2 X - h2 Xoa where the Greek
CL p  (Xp p  OtCt CL p p
letters imply the suspension of the summation convention, allows 
u1 and f to be eliminated and results in the three quadratic equations
noa ht - 2nag ha h$ + nB3 ha = 0 • (3a0)
Unless n2  ^< n^^ n^, two solutions for the invariant plane will 
result. The corresponding displacement directions u1 follow from 
the equations X^^ = 0 which may be written
2fha °ai ^  + naa + f2 ha = 0 • .
An alternative method of solution results if (3.7) is first 
inverted to obtain
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cij -1 k F-1 £_ lj A-ik A-1 £ (3.12)
i 0 i 0
• • • •
where FT1 1 and A?1 1 are the respective inverses of Fx and A..
0 0 0 J
Now,
FT1 1 = 6X - F"1 f u1 h. (3.13)
0 0 0
and substituting (3.13) into (3.12) and using (3.1) again provides 
six simultaneous equations, symmetric in i and o and of the form
X1,5 (u^hjA”1) * f2 u1 u^ + Ff(clk hfc u^  + c^ h^ u1) + F2 n1  ^= 0
(3.1*0
Here, nX  ^= cX  ^- qX  ^where qX*^ = pk^ A^1 X A^1 ^. Forming Xx  ^c.^
gives an alternative expression for f which is
f2 = F2 c.. q1  ^- 2F - F2 . (3.15)
3*0
Hence, equations (3.9) and (3.15) impose the following restriction 
(c1,5 q.^ - 1) = F* (c^ - 1) (3.16)
on the elements a.. and q1  ^and hence on A.. In addition, cor- 
j-0 0
responding to equation (3.10), there exists three quadratics in u1 
of the form
oux 32 0 a3 a 3 , 33 a2 _ /o ,_x
n u -2n u u + n  u = 0  (3.17)
obtained by forming the expression 2ua u^ X01^  - u^ X001 - ua X^,
• otctthe Greek letters retaining their meaning. Finally, X = 0
enables h.. to obtain through the equation
2F f ua cai + F2 naa - f2 ua2 = 0 . (3.18)
This concludes the theory of transformation strains which
is very similar to the twinning theory and equations (3.6) -
(3.18) degenerate quite straightforwardly into the corresponding
twinning equations. For this degeneracy, F^, A^ and p. of (3.6)
• • *
must become S*, and c. respectively where S. represents the 
0 j **1 J
twinning shear and the unimodular correspondence matrix. In 
Section 3, six special degeneracies are examined of which twin­
ning is the simplest. The twinning theory has been dealt with
/ iyQ \
in detail before and is only briefly discussed therefore. 
Following this9 is a discussion of a lattice transformation theory 
in which the transformation is caused by a single invariant plane 
strain. This in turn is followed by a more elegant reformulation 
of the standard theories of martensite crystallography. All 
three of these transformations involve single deformation pro­
cesses - the twinning shear in the first case9 the invariant plane 
strain in the second and the LIS in the third. The remaining 
three applications of the general theory are the corresponding
double deformation processes. Thus, the analysis of double
(77)twinning' ' is a special case of the theory and has already 
been examined by Bevis^0 .^ The combination of a second invariant 
plane strain with the first then produces a more flexible trans­
formation process and finally a more sophisticated version of 
(5l)Acton and Bevis® generalized martensite crystallography theory
is presented which is, of course, equivalent to the generalized 
(39)theory presented in Chapter 2 and involves two LIS systems.
Of the six degeneracies 9 the twinning and martensite cases have 
been well documented but this is not so for the transformation 
case which is presented for the first time. Accordingly, specific 
diagrammatic examples are given particularly for the two dimens­
ional version of the single invariant plane transformation theory.
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3*3 Particular Degeneracies
3.3.1 Introduction
The six degeneracies, as discussed briefly in the previous 
section, fall into one of two groups depending on whether the 
given transformation involves a single or double invariant plane 
strain deformation. Each group contains three examples which 
will be conveniently classified twinning, transformation and 
martensite. In the first of these, the lattice is restored by 
the deformation in a new orientation, but in both the second and 
third a new lattice is created. In addition, an invariant inter­
face must separate the new and original phases in the martensite 
case. Table 12 summarises the forms that the characteristic 
strain A^ must adopt for each of the six cases, as well as in­
dicating the forms adopted by the total shape deformation F* and 
the product lattice basis p^. It should be noted that for the 
double transformation case, the true total shape deformation is 
**2k wliere kere sad. subsequently the subscripts 1 and 2 in­
dicate first and second deformations respectively. However, the 
algebra is considerably simplified if F 1. is formally included 
in the characteristic strain A^. As in the generalized martensite
theory of Chapter 2, shears are represented by S*, pure strains
3
X • Xby P. and now unimodular matrices by U.. The six separate
3 3
transformations are now considered in detail.
3.3.2 Single Twinning Shears
The theory of twinning shears, the simplest degeneracy of
the generalized theory, has been fully analysed by Bevis and
(78)Crocker . The analysis is based on the equation
S* c. = uf c. (3.19)
j  k  j
TABLE 12
Summary of the Six Transformations Considered
Trans format i on A*
3
£
3 Si
Single Twinning U* S* c.
3 _i
Single Transformation u* f* p.j 3 Z.1
Single Martensite P1 s* 
k 3
F*
3
c.
Double Twinning V  l£.2k I3 8*3 c.
Double Transformation ui f;1 *k 1 3 f2*23 Si
Double Martensite pj S^ S* A c.
3
• • 2.The characteristic strain A. is given for each of
3
the six transformations together with the degener­
acies of the invariant plane strain F^ and the sec-
3
ond lattice basis
which is readily seen to become identical to (3.6) on letting
i 1 i ithe tensors F. and A. become S. and U. respectively and on let-
t) J J J
ting p. become c.. Finally on placing F ® 1, equations (3.6) -
(3.18) reduce to the corresponding equations given in the previous
paper. The quantity U* is in effect a correspondence matrix re-
0
lating the reference cell defined by c. to the new cell resulting
i
from the twinning shear S*. These matrices have been examined 
in detail and besides a discussion of crystallographically equiva­
lent correspondences, the significance of the inverse, transpose
/ \
and the transpose of the inverse was included . Consideration 
of the relationships between these four variants enables the de­
finition of seven classes of twinning mode. Two of these are 
associated with the classical twinning modes with conventional 
orientation relationships. However, the remaining five classes 
define twinning modes with non conventional orientation relation­
ships this being a direct consequence of the less restrictive 
definition of deformation twinning employed by Bevis and Crocker
/  rr 0*| \
compared with previous analyses * . Application of the
(79)theory to specific lattices resulted in the prediction of 
all seven classes of twinning mode which included many non- 
conventional modes characterised by as many as four irrational 
twinning elements.
3*3.3 Single Invariant Plane Transformation Strain
The possibility is now considered of transforming the parent 
lattice defined by c^  into the product lattice defined by p.. by 
means of a single invariant plane strain F* the four independent 
elements of which are totally unrestricted. The product lat­
tice, whose orientation is unrestricted, is obtained by deforming the 
cell, defined by thetriplet of parent lattice vectors c^ , into
any of the infinity of product cells defined by the triplet of
vectors p.. Thus, 
j -i
£ o. = 0^ p. i (3.20).1 ..i je riF
Therefore, as indicated in Table 12, the present theory is obtained
from the general case by placing A* equal to U*. In addition, the
i 3 -1
quantity F the determinant of F^, becomes |P£j|§ lcijl~5 which
specifies the volume ratio of the product to parent phases. Hence,
(3.16) becomes
K j l  (cij ^  ^  «  = IPyl (cij * *  d - i) •
(3.21)
This equation involves the parent and product lattice parameters with 
the elements of the unimodular matrix and is sufficiently restric­
tive to preclude arbitrary lattices from being related by a single 
invariant plane strain. However, for particular lattices which 
are related, equations (3.9) - (3.11) or (3.15) - (3.17) or suit­
able combinations of them may be solved for h^, u1 and f which to­
gether define F*.
An attempt was made to find solutions to the theory which
satisfy equation (3.21) and which predict real values for h^ and
i • • i xu consistent with h. u =0. Thus, at the outset, F. was re-l » • j
stricted to be a simple shear whence (3.21) simplifies to
cij °i u0- = ci j pk* "k1 1 “I1 j (3-22)
Not surprisingly, very few lattices were found to satisfy equation 
(3.22) which becomes more restrictive as the lattice symmetry is 
decreased. One possible transformation is that between lattices 
of cubic and tetragonal symmetry. Two unimodular matrices,
labelled I and II, were found which permit the transformation 
and these have indices
0 5 o ' 1 0 o'
U* = u:1. 1 = 2 0 0
• •
and U* = IJli.1 = IIj IIj 3/2 -1 0
0w 0 1 0 0 -1/
Thus both matrices are equal to their own inverse and both pre­
dict that a shear strain of magnitude 3*75 is able to transform 
a cubic lattice with unit cube cell edges into a tetragonal cell 
of dimensions either 2 x 2 x i or J x § x 1*. However, the
solutions of the shehr plane and direction for each unimodular 
matrix are crystallographically distinct. For matrix I, either 
of the shear systems (UO+l) [10 +U] produces the first tetragon 
and either of the systems (0 1 +U) [0 k +1] produces the second. 
The indices are thus rational but irrational indices characterize 
matrix II. These belong to two shear systems of the form
(+8, +**, 5*) F2, +1, V.5 ] which produce the first tetragon and
I —  i
two systems of the form (l, 2, +U.5 ) +52] which produce
the second. The geometry associated with matrix II is too com­
plicated to represent diagramatically but a meaningful (010) plane 
of shear plot is possible for the other case and the resulting two 
dimensional representation occurs in Fig. 15• The shear plane 
normal h and shear direction u are marked together with a few 
dashed traces which indicate how some of the atoms are sheared 
to their correct product positions. Both matrices contain ele­
ments which are odd integral multiples of J and consequently one 
half of all atoms must shuffle in each case. For matrix I these 
atoms form alternate {100} planes and because of the large shear 
strain the shuffles in turn will be large.
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Figure 1?» Two dimensional projection of a three dimensional 
transformation between simple cubic and tetragonal 
cells by the single shear system (UOl) [lOt] with, 
shear magnitude g = 3*75° This causes one half of 
all lattice points to shear directly along the 
dashed traces uo their produce nosj-tions vi'ch une 
remainder having to shuffle0
As a final example of a single shear transformation, the 
case of a simple cubic -*■ orthorhombic transition is examined* 
In this case the unimodular matrix again equals its inverse
and has columns (2"1 (3/2)"1 0), (2”1 -2"1 0) and (0 0 -l)*
with a shear strain of 1*13, produces an orthorhombic cell with
is not amenable to clear diagrammatic representation*
Clearly, additional pairs of lattices exist which may be 
related by a single shear but a more fruitful approach is to 
introduce a second invariant plane strain so that transformations 
between arbitrary latiices may be examined* Such an analysis 
is again a special case of the generalized theory of Section 3*2 
and is discussed in detail in Section 3*3*6* However, before 
leaving the present section which has discussed three dimensional 
transformations, it is of interest to consider the case of shear 
related parallelograms, the two dimensional analogue.
3.3.3.1 Two Dimensional Analysis
Reducing the number of dimensions by one, considerably 
simplifies the fundamental equations* Thus, corresponding to 
(3*10) there results just the single equation
i i l l
As a result, the shear system (3 , - 3.3s, 805) [-8§, 72 , 30 ]
sides (3/2)5, \ and (8/3)5 respectively* Again the example
(3*23)
and similarly corresponding to (3*17),
(3.2*0
Similarly, from (3*9) and (3il5)
f2 = "i uj " 2 “ °ij ™  "k1 1 “I1 j - 2 • (3*25)
Clearly the indices i, j, k and & adopt values 1 or 2 and only 16 
terms result in the two dimensional case as opposed to 8l originally* 
In addition, if b represents either the parent or product bases c
— m
or p respectively, then clearly b ^  = b22, b22 = * ^21
and b21 = - b12. Similarly U* = U712, U2 = U^11, * -U^12 and
O mml 1
Uj = - • These relationships may be used to simplify the
2 1
equations (3*23) and (3.2*+) which give the ratios h2/hj and u /u .
* • 1 9If, again, shears only are considered then hj u + h2 u = 0.
Hence, calling = X and simplifying the above quadratics gives
the quadratics aX2 + bX + c = 0  from (3*23) and rX2 + sX + t = 0  
from (3*2*+). Here:-
• • • •
a = c,, - p.. U* U?, b = -2 (c,0 - p.. U* U^),
11 *1J 1 1 *  12 1 2'*
c = c - p.. U* ujj and22 2 2
r = c.. - p.. U* U*, s = -2 ( c o1 - p.. u? u*),
11 rij i j* ' 21 i
t = c - p . . U? U?.22 1 J
To be equivalent, br = a& and cr = at and the solution of these
equations is required. Ideally, the solution should be independent
1 2of both bases. Only one such solution. s exists and since
is unimodular, uj U* - U* U2 = 1. Hence, unimodular matrices 
1 2  12satisfying U 1 U2 = 1 + must be sought and the most attractive, 
labelled A and B, are
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These unimodular matrices are used in conjunction with (3*25) to 
determine pairs of parallelograms which may he shear related by 
automatically real systems*
Describing the parent and product unit parallelograms by p, 
q, 6 and a, b, y respectively and inserting the relevant metrices 
into (3.25) indicates that the equation is always satisfied for 
each unimodular matrix without any restriction on the lattice 
parameters of the parallelograms. For matrix A, f2 = g2 = a2 q2 
+ b2 p2 - 2 (1 + cot e cot y) and X = [(cot y - cot 0) ± g] (p2 - a2) 
while for B, the expressions are more complex with 
f2 = g2 s l*a2 q2 + -52 q2 + 2 p2 + a2 p2 + 2 cot y (p2 + 2q2)
- 2 cot 0(b2 + 2a2) - 6 cot 0 cot y - 2 and X = ([cot 0 - 
(2a2 + b2 + 3 cot y)] ± g) (p2 - [Ua2 + b2 + U cot y])"”1. It can 
be seen that two solutions for the shear plane and direction exist 
with one solution for the shear strain g. As an example of the 
two dimensional theory, the case of a simple cubic to parallelo­
gram transition is considered with the sides of the parallelogram 
being of length 25 and including an angle of 30 . Surprisingly,
matrix B gives the simpler solution. The geometry is shown in
1 1 \
Fig. 16 where a shear of magnitude 62(2 + 35) occurs on the (101)
plane, shown bold as PP, in the [lOl] direction. This produces
the bold parallelogram when the atoms are sheared along the dashed
1
paths. The shear associated with matrix A is only 2s but the 
shear indices are irrational with indices of the form 
(0.3029, 0,9530) [0.9530, -0.3029]• The geometry is shown in 
Fig. 17 where the atomic displacements are smaller thus leading 
to a fuller appreciation of the mechanism. Thus, the applica­
tion of the shear system causes atoms at A, B, C and D which 
define the parent, cubic unit cell, to be directly sheared to
1P1
Figure 16. Single shear transformation between two parallelograms(i )
A shear on the bold plane causes square cells to be transformed into 
bold parallelograms of the same area containing an angle of 30°.
Figure 17» .Single shear transformation between two parallelograms(ii)
6 - 2
An alternative way of producing the same parallelogram to that 
of Fig. 16 by a different shear system in which lattice points at 
A, B, C and D defining a square cell, are deformed to positions 
A 1, B', C’ and D* forming the parallelogram cell.
the sites labelled A f, Br, Cr and D* respectively which define 
the product cell of parallelogram-type symmetry*
This concludes the discussion of two and three dimensional 
single invariant plane transformation strains and the follow­
ing section presents a very elegant reformulation of the standard 
martensite crystallography theories*
3.3.U Single Lattice Invariant Shear Martensite Theory
As discussed in the introductory chapter, the standard theories
of martensite crystallography formally resolve the shape de-
• •
formation F* into a lattice deformation D* and a lattice in- 
3 # 3
variant deformation S*. The lattice deformation itself can be
3
• •
resolved into a rigid body rotation R* and a pure strain P*
which, apart from any interfacial dilatation, defines the volume
change on transformation* Thus, formally, equation (l.l) may
be written
F* c. s R? P^ S* c. (3.26)j „i it A j
although strictly speaking, the shear acts not on basis vectors 
but vectors of macroscopic dimensions* Equation (3*26) again re­
presents an example of the general theory since, as shown in
• • *
Table 12, A* may be replaced by pj S. and p. by c.* Thus the
3 k j «.i
q^ introduced first in (3.8) through the n ^  may be written
<3.27)
The input data comprises, as discussed earlier, the shear plane 
• • 
nu c , the shear direction I q. and a lattice correspondence
C*. This correspondence is related to the pure strain through 
3
the equation
p5 .ci - X  &  > (3-28)
and defines which parent and product cells are related* This
equation, which includes the matrix cRk, another rigid body
rotation, explicitly introduces the product lattice basis p^ into
equation (3.26) and by eliminating °R* the equation
0
c. . P.1 P*j = p.. C.1 (3.29)ij k H k SL '
results. Hence (3*27) becomes
q. . = p. 0 C* S? S? i (3.30)Tg m n l o
Similarly,
= pM  C"1 m C"1 “ S"1 1 S"1 5 (3.31)
• • • •
where the inverse S7 of the shear S. is given by 6* - g fc1 m.*
J <3 1 ' 0
Comparison with equation (2.2) indicates that this is a shear on 
the same system but in the opposite sense. Finally F, the de­
terminant of F* is given by 
0
f = icji iP..rJ |Cijr 5 (3.32)
Substituting from (3.30) and (3*31) into (3*16) and using the
definition of S* and its inverse, provides the following quadratic
equation for the magnitude g of the lattice invariant shear:-
(K.. A1 ^  - F2 K1  ^m. m.) g2 + 2(K. . clk m. + F2 c.. Jtk m.)gij l j ij k ik j
+ (Kj. e1  ^- F2 c.. + F2 - 1) = 0 (3.33)
-k , ,,ij k£ -1 i _-l ,5
*y “ °i cj “ a K p °k °l •
Since F from (3.32) is known, (3.33) which is the invariant plane 
strain condition equivalent to (2*3) and (2.U), provides two
values for g which in turn define two lattice invariant deforma­
tions S*. These define two values for a., and q1  ^from (3.30) 
and (3.31) respectively, and hence two possible values for f, 
the magnitude of the total shape deformation. Finally, from 
(3.10), two possible invariant planes are predicted with the 
corresponding directions obtained from (3.11). Alternatively, 
these elements may be obtained from (3.17) and (3.18) or, by 
avoiding the use of previously determined quantities, from (3.10) 
and (3.17)» the corresponding pairs being determined from 
F s 1 + f u1 h. and (3.32). Hence, the analysis of Section
3.2 may be utilised in a very direct and elegant manner to 
obtain all the relevant crystallographic features of martensitic 
transformations involving single lattice invariant deformations.
3.3.5 Double Twinning Shears
An elegant form of double twinning analysis has already been
given by Bevis^^ but is included here in a separate section
as an indication of the way in which the general theory may
degenerate to cover mechanisms involving a pair of invariant
plane deformations. This analysis, essentially equivalent to the
(78)
single twinning analysis , followed a preliminary treatment
of the phenomenon by Crocker using the techniques of two
(77)
dimensional matrix algebra • However, the problem of double 
twinning may be elegantly reformulated in terms of unimodular 
correspondence matrices and does form an additional degeneracy 
of the basic algebra. Thus, following Crocker, the basic 
equation of the process reads
This equation may therefore be obtained from (3*6) by let-
• • • ^
ting F*, A* and p. become S., S9, S. . and c. respectively, so
0 J -i j *■& «i
that double twinning clearly constitutes a special case of the 
general theory* However, the problem can be simplified since 
as it stands the second twinning shear s \  is referred not to 
the twinned basis, in which it has a simple form, but to the 
original basis in which it will, in general,have an irrational 
form* To overcome this difficulty an intermediate basis is 
used such that
Tc. = R* c. (3.35)
Twhere c^ refers to the new rotated parent basis. In this new
i T i . .basis S . adopts a simple form S„. which, given by similarity 
3^ *3
transformation, is
= Rlk A • (3.36)
From (3.19) and neglecting the bases,
Sj. = Rj U^. and TS* = TR* Tl)£. (3.37)!k lj 2j 2k 2j
i T iwhere U, . and U.. are unimodular matrices of the type discussed 
by Bevis and Crocker(78,79)  ^ Substituting from (3.36) and (3.3T)
into (3.3U) results in the equation
„i _i k T„i. T„a „b , „ \
S. c. = RT R70 R* U , U . c. . (3.38)j 1^ J£ 1£ 2a 2b lj -I
Hence, by calling = TU*k 0^. and = r£ TR* , (3.38) be-
comes
si = 4  4  Si • (3-39)
Hence, double twinning mechanisms are algebraically equivalent 
to single twinning mechanisms but the characteristic strain, from
i t i v
Table 12, now becomes A. « U U7.* For practical applications,G ZK lj
the correspondence matrices of the component shears of a double 
twinning mechanism must be known; Bevis^^ has made a pre­
liminary analysis of the double twinning phenomena in magnesium
(77)along these lines but, like Crocker who used a matrix algebra 
approach, was unable to explain the occurrence of bands of doubly 
twinned material with ^SOSU}1 composition planes •
3*3*6 Double Invariant Plane Transformation Strains
The analysis of Section 3*3*3 is here extended to include an 
additional invariant plane strain so that the fundamental equation 
is
4  4  si = 4  °5 ?i (3-to)
where F ^  and F ^  represent the invariant strains* The equation 
may be compared with (3*6) and F^ and A^ equated to F ^  F^. and 
respectively* The double transformation case is therefore 
the only example of the six in which the total shape deformation 
is not an invariant plane strain* The resulting analysis is 
considerably simplified, however, if (3*1*0) is rewritten
Hence, as shown in Table 12, the present transformation is another
• 1 1special case of the general analysis with F. = F . and the
G 2G
1 1 1 k 1characteristic strain A. = U F,. • However, Fn. does not re-
G & AG 2G
present the total shape deformation. Thus
The volume ratio F of the transformation is given by
p = *2 *1 = IP£ji5 1citjr 3
and substituting (3.3) and (3*13) into (3.1*3) and (3.1*2) respect­
ively and these equations in turn into (3.16), gives the follow­
ing quadratic equation for fj , the magnitude of the strain F*.:-
* J
|H.. u* uj - F2 H1  ^ h.. h. * - 2 P., H.. clk u? h.. +
[ij 1 ^  li lj 11 IG 1 Ik
P2 (H. . c1  ^- 1)1 f2 
11 1G J 1
- 2[*H. . clk v? h . + F2 H1  ^c., uk h . - P (H.. c1  ^- 1)1 f 
LiG 1 lk ik 1 lj 11 1G J  1
+ J^H^ c1*3 - 1) - F2 (H1  ^c^ - lTJ = 0 (3.1*5)
Here H.. = p, . U*, H1*3 = pk* iT1 1 u”1 and P., = u* h.. where
iG kJl l g ^ k a l l l l i
• • •
• 1 1 1  the unit plane and unit direction of F,. are h,. c and u. c.
^  lG U   ^ 1 -i
respectively. Once given the parent and product metrics c. .
and p. ., particular values of U*9 h . and u^ may be chosen at 
IG G
will and (3.1*5) solved to obtain the two possible values of f i*
Hence, a pair of invariant plane strains f\  exist and a cor­
responding pair of values to each of q.. and q1*3 • An analagous
*G
procedure to that adopted in Section 3.3.1* is performed to determine 
pairs of second invariant plane strains F*,. for each first strain 
F^\. Hence, four solutions for the total shape deformation
F2k exist as in the standard martensite crystallography theory
of Section 3.3.1*.
Of further interest are the cases when one or both of F^ 
and F2,the determinants of the strains F ^  and f\, equal unity.
Volume changes are then zero and the particular deformation is a 
shear. When only one is a shear,
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4 s?j .ei - i£ uS.?i- (3*U6)
As u* = 0, (3.^5) assumes the same form as (3*33) since the 
initial equations, (3*26) and (3,^6), become very similar on re-
writing equation (3.^6) as F ^  c^  = S ^  p^. It is still
• * ipossible, therefore, to obtain solutions for F . for any parent and
2 J
product lattices•
Finally, by replacing F*,. of (3.^6) with a shear s\, there 
results a double shear transformation theory. Of course, volume 
changes of the parent and product cells are not permitted and the 
theory is of restricted application.
3,3.7 Double Lattice Invariant Shear Martensite Theory
As a final example of the general theory, comes an elegant 
reformulation of the generalized theory of martensite crystallo­
graphy, a geometrical treatment of which was presented and dis­
cussed in Chapter 2. A similar formulation was published by
. (51)
Acton and Bevis but unnecessary use was made of the principal 
strains and directions of the pure strain. The theory and pro­
cedure of Section 3.2 avoids such complications as may be 
appreciated by rewriting equation (2.1) as
F* c. = Rj P* sj S® c . , (3.^7)j wi \ SL 2m lj _i 9
although as stressed for the single LIS martensite theory, the
composite deformation S2 Sj strictly deforms large vectors.
Hence, as indicated in Table 12, A^ becomes P^ S^ S?'. and p. be-j K, zx, „i %
comes c^ . Accordingly, (3.30) and (3.31) become
q.. = p. „ C* CZ S™ S” S° S* (3.U8)m n 2 o 2 p 11 lj
and
= pk£ C"1 m C71 n S"1 ° S“X P S*1 1 S71 ^ (3.1*9)* * k Z 2m 2n lo lp
Hence, substituting (3.^8) and (3.1+9) into (3.16) and using the
• j .
definition of and its inverse sT , provides the following
equation restricting the magnitudes gJ and g^  of the shears
and S*:- 
2«J
l l 4 m 0  (3-50)m=o n=o
The coefficients A may be written mn
A00 = (K. . c1J - l) - F2 (K10* c. . - l), 
lj lj
Aoi = 2 [(K„ clk m2k) + F2 (K1'5 cik 4  m2j)] »
a02 = $22 “ F2 ^22 9
A10 = 2 [(K. . cik l{ mife) + F2 <K*+ c.k Ak m,.)] ,
*1 lc *1 lc Q
An  = 2 [Pl2 (K.j c 4  “lk) + Ql2 ° mlk m2A]»
- 2F2[P21 (K^ 0 A* m,,) ♦ Hk  Ak Aj] ,
V O  „  V  p
A12 = 2Q22 P12 e mlk m2£ + 2F2 E22 P21 ck£ A* a£ ,
A20 = Qll “ F Rll ,
a21 = 2Q12 F12 + 2F2 Ri2 P2i 9
2 2 2 
A22 = Q22 Pi2 - F R22 P21 .
Here, the parameters F, K. . and K1  ^are those used in (3.33) while
 ^J
Pag» Qa  ^and Ra  ^involve, in addition, the elements of each shear.
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Allowing a and 3 the values 1 and 2 gives P « fc1 m .,
cup a  p i
Qae = Kij and finally Eae = icij mai “ej* Equation (3'50) 
is identical to (2.1+), hut the explicit nature of the coefficients
emphasises the advantages of the present method. Equation (3.50)
is, of course, the invariant plane strain condition and predicts
two values for either gj or g2 given the other. A pair of
before, a total of four total shape deformations from a given set 
of input data. In common with the transformation case, the 
theory allows the two lattice invariant deformations to be 
specified together with the shear strain gj say* Hence, as 
shown in detail in Chapter 2, four families of solutions result 
as g2 varies.
3.1+ Discussion
The aim of the present chapter has been to develop a general 
analysis of transformation strains and to show how the resulting 
theory can be used to investigate cases of special interest.
Of the six cases, two concern twinning shears and two more concern 
martensitic transformations* These are sub-categorised into 
sections corresponding to the number of twinning shears and 
the number of lattice invariant deformations which are assumed 
to participate in the reaction. Versions of all four theories 
have appeared in the literature but the single and double in­
variant plane transformation strain analyses are here presented 
for the first time.
These analyses are of interest as they may be used to 
describe changes of crystal structure in terms of homogeneous 
shears and invariant plane strains. They are therefore closely
related to the early martensite theories which, as discussed in 
the introductory section of this chapter, use similar deforma­
tions to relate the unit cells of the two phases. In fact the 
single shear martensite theory and the double invariant plane 
strain transformation theory are very similar as may be 
appreciated by comparing (3*26) and (3.^1). Multiplying (3.26) 
by itself gives
F.1 F* c. = P1? P® S? Sf R?; R* c. . (3.51)k m U  j f k m d e i£ '
Further, use of (3.29) gives
Fv F* c-« s Sf p. , (3.52)k m 1& j f k m *oe
Similarly, multiplying (3.Ul) by itself gives straightforwardly
f L  K  c *o ~  u * f 7v f 7  Pk • (3.53)2k 2m l£ j f lk lm *t>e ^
i i xHence, when F . represents a shear, the matrices F. and C. become
3 3 3
• • X Xequivalent to the invariant plane strain F?. and U . respectively,
J J
the latter also being interpreted, as a correspondence matrix.
The theories therefore predict identical results although mechanical­
ly they differ. In the transformation case, the deformations are 
completely homogeneous and there is no matching of the structures at 
a macroscopically invariant interface as must occur in the marten­
site theories. For these theories, although the shape deformation
F* is macros copically homogeneous, the shear S* is lattice invariant 
J J
and inhomogeneous. Both theories permit the plane and direction of
the first deformation to be specified and these may thus be chosen
to define an operative deformation mode of the parent ciystal, 
However, the second deformation in the transformation case will 
in general be irrational like the shape deformation in martensite 
theories. Nevertheless, transformation strains expressed in these
terms provide a more realistic description of the atomic mechanisms
involved than do the accepted pure strains of the martensite
theories•
As an example of the predictions of the double invariant plane 
strain transformation theory in practice, ten unimodular correspond­
ence matrices have been taken in turn and the corresponding pre- 
J
directions obtained in conjunction with a first invariant plane strain
having a plane and direction equal to that observed in the shape
deformation in the austenite-martensite transformation in Greninger-
Troiano steels* The ten matrices are summarised in Table 13 in
order of increasing N, the sum of the squares of the elements of
• The three rows defining each matrix are given together with
this sum N which, for the twinning theory, gives an indication of
(7R)
the expected magnitude of the twinning shear • It is thus use­
ful for selecting operative mechanisms in practice. Table 1^ 
indicates how the predicted strain magnitudes and f£ change 
with increasing values of N. For each matrix, two values of fj 
are presented and each is associated with one value of f£ • Each 
of the two pairs of fj and is further associated with two sets 
of u* and h2  ^thus giving rise to four sets of predictions. The 
frequency of occurrence of such predictions is governed by the 
magnitudes of f* and f£* Although that for fj is independent 
of N, that for f2 tends to increase fairly uniformly with N and 
therefore mechanisms in practice are likely to be for unimodular 
matrices with small values of If. Fig. 18 indicates on an 001 
standard austenite stereogram the associated invariant planes cor­
responding to the shear strain predictions of Table 1**.
The four predictions for a given unimodular matrix are marked with 
the number of that matrix and can be seen to be distributed randomly 
around the stereogram. The crosses mark {3,10,15)^ poles and one
TABLE 13
Matrix No. u*0 N
1 100 010 001 3
2 100 110 001 k
3 100 110 101 5
k 111 101 110 7
5 100 210 001 7
6 100 210 101 8
7 100 011 012 8
8 120 010 111 9
9 100 210 201 11
10 100 310 ool 12
The ten unimodular correspondence matrices are 
given in increasing values of the sum N of the 
squares of the elements of the unimodular matrices. 
The three rows of each matrix are given ds a single 
row in the table.
TABLE lk
Matrix No. r i2n - y u .
Q  3
fl *2
1 3 0.193026 0.21*1*981
O.65165O 0.1*12221*
2 k 0.8080U2 0.695091*
0.626279 0.698791
3 5 -0.01*7971 1.712367
1.029738 0.971209
k 7 ~0.lla052 2.117602
0.81*151*0 2.670528
5 7 1.510010 1.888098
0.59l*ll*l 1.701559
6 8 -3.833926 35.6251*81*
0.652322 1.882688
7 8 0.1*17801 2.251691*
-2.1*71265 1*.071036
8 9 -0.1*21752 2.8501*21
3.01*771*7 2.813380
9 11 -0.060595 3.356327
0.966085 2.1*12831
10 12 2.110051* 3.366561*
0.5911*58 2.708960
The ten unimodular matrices of Table 13 and the two pairs 
of predicted corresponding shape deformation magnitudes 
fl and f£ for each, assuming the first deformation to occur 
on the plane and in the direction of the martensite shape 
strain in Greninger-Troiano steels.
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[010]
[110]
[Oil] [111]
[100]
[101][001
10
*10
Figure 18. Standard 001 austenite stereogram indicating the four
predicted invariant planes of the second strain F^.
i Jfor each of the ten unimodular matrices U.. The crosses
0
represent variants of planes with indices of the type 
. {3,10,15}.
of the invariant planes of F*. for each of modes 5, 6, 7 and 10
~ J
lie very close to such poles. Thus, it is interesting to note 
that an f»c.c. and a b.c.t. lattice may he related by two homo­
geneous invariant plane strains which occur on planes that are 
approximate variants of each other and lie close to {3,10,15}^ .
Before generally discussing the analysis, it is interesting 
to enquire exactly the degree to Which the early phase trans­
formation theories were able to predict the product cell or, 
conversely, assuming the correct product structure, the degree to 
which the predicted component deformations are accurate. As
summarised in Table ll^the three theories applicable to steels
(71)are the most relevant since the theory of Bowles et.al. for 
In-T£ involves only small distortions and the remaining theories 
do not consider volume changes. The procedure is therefore to in­
sert the first of the suggested deformations into the theory of 
Section 3*3.6 and compare the predicted deformation F^. with the 
suggested second deformation using that correspondence matrix
J
which is equivalent to the Bain correspondence. Unfortunately,
(73) (lb)both the Machlm and Cohen and Bowles theories predict
imaginary solutions to the quadratic equation (3*^5) and the
second deformation can not be predicted therefore. The applica-
(18)
tion of the Greninger and Troiano predictions is complicated 
through the uncertainity of the direction of the first deforma­
tion. However, assuming the first deformation to be on the plane 
and in the direction of the standard martensite shape deformation 
does lead to real predictions which correspond to the set of re­
sults in Table ih and Fig. 18 associated with matrix 1. The 
martensitic shape deformation in steels for the Greninger and 
Troiano lattice parameters is (O.I78362, 0.802758, 0,56900k) 
t-0.199783, 0.7^218, -0.637358] and equating the plane and
direction of F^\ with these values allows two corresponding dis­
placement magnitudes fj to he obtained from the quadratic (3.^5)*
The two magnitudes, 0,193026 and 0,651650, axe each associated 
with a pair of solutions for and the four solutions are sum­
marised in Table 15 which indicates the planes h^, directions u* 
and shape magnitudes f£. Solutions 1 and 2 are of particular 
interest as the first deformation F ^  is the theoretical shape 
deformation with f 1 equal to 0.193026, In addition, the second 
deformations are also of interest. Thus, for solution 1, the 
plane lies 5° 3f from (101) and the direction 2° 58* from [lOl] 
while for solution 2 the plane lies 8° 36* and the direction
lh° 29* away from making the second deformation an exact
crystallographic variant of the first. Solutions 3 and k are 
of no special interest but the procedure adopted does suggest 
a realistic way for choosing correspondences in practise.
Alternative derivations of the single and double invariant
plane strain theories for the case of shears enable the established
criteria for the single shear equivalence of two shears^ to be
1 k 1obtained simply. Thus, using the equations S S. . c. » £L U7 p.2K lj *,1 K J «1
and c^ = p^, adopting a similar procedure to that of the
general analysis and comparing the equations equivalent to (3,21)
and (3.^5) leads to the condition for equivalence,
81 g2 P^12 " P21^ + 2gl g2 (A tgl P21 + g2 P12^
+ B [g2 P21 + 6l P12]) = 0 . (3.51*)
Here, the planes and directions of each shear are represented by
• • • •1 1 . 11 m.., A, and m ., respectively so that A « m . m0. c , 
li* 1 21 2 47 ai Bj *
B = A1 X? c.. and P = A1 mQ. where a and $ may each adopt the a 3 ij a$ a 81 47 *
values 1 or 2. There are four conditions under which this 
equation is satisfied - i.e. when
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(i) either g* or g2 is zero
(ii) both P21 and P 2^ equal zero
(iii) both A and B equal zero and P*2 = ±P21
(iv) 6l * ^(62  ^ •
The first condition is obvious while the second implies that either
the shear planes or the shear directions are identical since
x x i i
m ^  = X,2 mii = mii = 2^ “21 = °* Condition (iii) requires
the two shears to occupy the same plane of shear with, in addition, 
mlll 2^ find nigl |±&i • Equation (3.5*0 is also satisfied if A *= ±B 
and Pi2 = +B21 ^ut 't*ie disposition of the shears is that for con­
dition (ii). Finally, if the shear magnitudes are related through
2 2
the equation gj = 2g2 (A Pl2 + B P2l)/[(p21 ~ P12)g2“ 2(A P21 + B P12)l 
(3.5*0 is satisfied without any restriction on the relative orienta­
tion of the shear systems. However, in double twinning theories
for example where two successive twinning shears must equate to a
(77)third , this final restriction must deal in twinning shears
and will not, in general, relate these shears which have precise values
Finally, it is of interest to discuss the possible future de­
velopments of the general analysis presented in Section 3.2. Clear­
ly an analysis of single and multiple lattice shuffles required 
during transformation would be fruitful in predicting operative 
mechanisms. Such shuffles have been quantitatively examined for
single twinning shears which are associated with the classical
(11)orientation relationships • The complexity and magnitude of 
the shuffles enable differentiations between twinning modes and 
their conjugates to be made and, coupled with considerations of 
the twinning shear magnitude, a list of four criteria have been 
suggested to account for the occurrence of twinning modes in
-  Ikl -
^. /Q-j \ ^
practice . The analysis is reasonably straightforward when 
either the plane of the interface or the direction of deformation 
is rational but complications do arise when both parameters are 
irrational^^ • Despite these difficulties, an evaluation of the 
shuffle mechanisms would be valuable in allowing the occurrence 
of particular habits in martensitic transformations to be ration­
alised. In addition, the relation between transformation modes 
generated by unimodular matrices has been well documented only 
for twinning where the number of crystallographically distinct
predictions resulting from each has been given for each crystal
J
(78)
system • A similar relation between the predictions of the
single and double invariant plane strain transformation theories
would also be of use in categorizing transformations. It would
also be useful to discuss the nature and motion of the various
interfaces in terms of surface or discrete dislocations as has
(7)been done for martensite and twinning transformations . More 
involved applications can clearly be envisaged such as triple 
twinning, triple shear martensite transformations and triple in­
variant plane strain transformation cases which would be equivalent 
to the generalized martensite crystallography theory of Sections 2.3 
end 3.3.7* Finally, the problem need not be confined to three 
.dimensions so that transformation strains in hyperspaces can be
/ O r  \
considered . However, problems arise regarding the formal 
behaviour of rotations and other operations although these can 
still be conveniently expressed in tensor notation.
".c. ' .f I. ‘o i : ? * 1. i K  L- i ; . v Cl . ' ’ ;
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v-.i; j.r v ..,'1
   " "
~-y zv" l e r ^  ■'’ •; ~ ;
Footnote to page 142
It should be noted that the mathematical definition of plane j|
plastic strain given in equation (4.6) of this chapter is less I
restrictive than the definition embodied in assumption (ii) at 
the foot of page 144. Some of the results of the ensuing 
analysis do not therefore hold if the conventional definition 
of plane plastic strains is adopted.
■:>d iV'O ai.anxB'r.ia, .noxvtesiqlene'ii. '.yfiifc*. oa ’ saoiademib .
CHAPTER IV
PLANE PLASTIC STRAIN IN CRYSTALS 
U.I Introduction
‘ Related to the transformation properties of lattices discussed 
in the previous chapter, come the problems involved in crystals sub­
jected to plane plastic strain. Such strains are important 
technologically in the rolling of sheet specimens and experimentally 
in both the bending of crystal specimens and their twisting when one 
end is planar and fixed. However, in these cases, the strain pro­
cess relates volumes of crystal of different shape rather than unit 
cells which remain invariant. The problems are closely connected 
to those involved in the ductility of single crystal specimens and 
polycrystalline aggregates the general deformation of which requires 
the existence of five independent shear systems as was first shown
/ q /* \ v’r
by von Mises . This criterion, which assumes that the con­
stituent grains deform homogeneously, has been shown to explain 
some of the ductile-brittle behaviour of certain metals and alloys 
merely by observing the number of operative but independent slip
/  Q n r  \
systems . However, certain materials, notably titanium, do 
not comply and this can be readily traced to the fact that metals 
do not deform homogeneously and to the possible effect dislocations 
near grain boundaries may have on the ductility. Grain boundary
f oo \
and dislocation interactions are clearly of importance and it 
is.essential to know therefore the dislocation systems present in 
a specimen of given orientation. The present chapter concentrates 
on exactly this problem and considers what orientations a single 
crystal specimen must adopt in order for a given number of slip 
systems to operate to define an arbitrary plane plastic deformation.
CHAPTER 4 
Pages 143-44: Corrigendum
Equation (4.1) should read
q1 = p1 + g2 nu p3 Jl1 + bj p3 a1 + gj g^uu
and the equations on the last line of page 143 u1 =
aqVap^ = s1. + auVap^ .
Thus equation (4.2) becomes
3q1/3p3 = + gi Z1 nu + g2 a1 + gx g£ (mR
X “|
and hence an expression for 9u /3p results.
Equation (4.3) should read
elj = 5 (Su^/Sp3 + auVap1)
and throughout the chapter should be e1^.
The last term of equation (4.4) becomes g g (a m.
-  Xk3 -
A specific example of such a deformation is provided by the phenomenon 
of plastic bending and the mathematical analysis presented in 
Section U*2 is particularly relevant in view of the recent use of
this deformation technique by Guyoncourt on crystalline specimens of
(89) mercury y •
There are two possible approaches to the problem. The first 
is to consider a cubic specimen of material aligned so that one set 
of edges is parallel to the bend axis with the other two sets normal 
to it. As a result of the deformation3 these two edges will change 
in length and mutual orientation but remain normal to the third.
Hence the new volume is monoclinic and the problem is to analyse
the nature of the deformation which causes a cubic volume to trans­
form to a monoclinic one. This is clearly a similar problem to 
the one discussed in the previous chapter where the emphasis was on 
crystal lattices and hence unit cells. The problem* however, is 
easier to analyse in terms of strains and infinitesmal deformations. 
The strains due to component deformations may be determined as 
follows. Consider, for example, two shears Sj and S2 which cause 
a vector p to become q where q = S2 Sj p. Hence, from equation
(2.2) and adopting the summation convention, leads to
* x d. k
= Pj + Si A1 fflj P£ + S2 a1 bj Pi + gx g2 a m. (bfc I )pj .
(h.l)
Here, the first shear of magnitude occurs on the plane of unit
1 • • * • inormal m^ c m  the unit direction I c^ while the second shear of
magnitude g2 occurs on the plane of unit normal b^ c1 in the unit
direction a1 c^. The plastic displacement components are
u. = q. - p. whence 3q./3p. = 61. + 3u./3p.. But 1 ui *1 ui *0 j 1
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3ai^3pj = 6**i + S1 ^  mi + a<* bi + S1 s2 a° mi ^
and hence an expression for 3u./3p. results. However, the small
l J
strain components e.. are, in terms of the displacement derivatives, 
given by
e.. = \ (3u./3p. + 3u./3p*) (4.3)10 i J J i
whereupon
= 5 (gx m. + 9^  nu] + g2Ca<3* b. + a1 b..])
+ g2 ( \  k^ ) (a  ^ + a* (4,4)
The strain components e3?. corresponding to the n*th slip system have
ij
been given by Bishop as HvNr. + v^w.) where the plane and shear
0 ^
X Xdirection of the n*th system are w.c and v c. respectively.i~ «*i
Equation (4.4) becomes, if the interaction term is ignored,
ei.i = «1 Ei.i + s2 eL  (k-5)
and is appropriate if small amounts of slip occur. If there are a
slip systems, (4.5) generalizes to become e.^ = g^ e?. (a ® 1,2, ... n) 
where the symmetric matrix has five independent elements if no 
volume changes occur.
After Guy one our t ^ ^  the following simplifying assumptions are 
made regarding the bending operation:
(i) The strains in infinitely small regions of the specimen are 
homogeneous.
(ii) Directions normal to the bend axis remain normal to it after 
deformation.
Considering a specimen of rectangular cross section and taking 
an orthonormal set of axes s^, S£ and S3 perpendicular to the 
neutral plane, parallel to the bend axis and parallel to the 
specimen axis respectively, it can be seen that the second 
assumption implies
n n
®12 = I 6.- £12 = 0 , e23 = I 623 = 0 • (lt-6)
i=l 1 i=l
These equations, which ensure the front and back faces normal to 
the bend axis remain planar and that the cross-section remains 
rectangular, can now be used in conjunction with equation (U*5)j 
to show that if five independent systems do exist then the speci­
men can bend in any orientation and need slip on only three of 
them providing they are correctly chosen. However, more of 
interest are the cases when bending can occur in certain orienta­
tions when two or less slip systems are active and Section U.2 
analyses these degeneracies in detail. For the proof of the 
general case, though, consider the case when n systems are slip­
ping whence (^.5) becomes, 
n
e. . = I g e?.
^  a=l 1J
This represents five linear equations in g involving the five in-a
dependent elements of e... Solutions for the g can be obtainedij a
by placing all but five of them equal to zero and stipulating a 
non-zero value for D, the 5 x 5  determinant with rows 
e?l e?2 e?3 e22 811(1 e2 3 where n runs from 1 to 5* Clearly,
the separate systems must be independent. If only three of these 
five systems participate in the bending deformation then from
11*6 -
and
Sp 43 + Sq. e 23 + Sr  £23 = 0 (1*.8)
where p, q and r attain either of the values 1 to 5 without dupli­
cation. Equations (1*.7) and (1*.8) can have solutions for the 
ratios of the shear magnitudes if the three 2 x 2  determinants
4z £12 <1£12 r£12 r£12 p£12
e 23
q.
£23
»
<1
e 23
r
e 23
*
r
e 23
P
e 23
i4 o (It.9)
These determinants, only two of which are independent, must have 
elements associated with independent shear systems and which 
satisfy, in addition,
a _ A h 
£23 -  <Pn e 12 (1*.10)
where <J>p £ <f>^ ^ 4>p. Suppose that of the five available independ­
ent shear systems, three are such that 4>x = $2 ~ 4>3« Hence it re­
mains to be shown that <f>i* and <j>5 differ from each other and from 
$1 . From (U.6) and (1*.10),
& i  ♦  l El2+e2 e|2 +  g j  ♦l ei2 + g ^  <(>i ei2 + S5 < h  £i2 = 0
and
(U.ll)
1 2  3 ^ 5Sj $1 e12 + s2 <t>l 1^2 + s3 $1 El2 + Bk '(’■t e12 + s5 4>5 E12 = 0 .
(it.12)
Therefore, upon subtraction,
ii g
e 12 (<K “ ^l )  + S5 £12 (<J>5 ~ <h) = 0 (1*.13)
- JLtff -
&
Should ^  = 415 then (^.13) implies from (1*.7) that g z\2 = 0 wherea
a = 1, 2 or 3 and represents the third active system. Since the 
a
Cj2 are arbitrary this means g& = 0 and only two systems are slip­
ping instead of the prescribed three. Hence, <J>^ # <f>5« In 
addition, neither can equal <J>j from (^.13) and hence three systems 
a, and 5 exist which are independent, and which allow a crystal 
to bend in an arbitrary orientation. Clearly,crystals in arbitrary 
orientation with four or even three independent shear systems can 
slip on three systems to produce bending provided these systems 
correspond to a, 1* and 5 of the present analysis. However, arbitrary 
homogeneous deformation will hot occur if the resolved shear stress 
on either a, ^ or 5 is insufficient at which either a fourth system 
will operate if the crystal possesses one or slip on only two 
systems will proceed if only the three systems exist.
Following the analysis for three systems, the restrictions on 
crystal orientation for two systems and one are now examined in 
detail.
^•2 Crystal Orientations for 2 and 3 Dimensional Bending 
^•2.1 2 Dimensional Bending
The subject of two dimensional bending was first discussed 
(91)by Nye and further examined from a continuous distribution of 
dislocations viewpoint by Bilby et.al.^^ as a degenerate case of 
single glide and plane strain. However, it is convenient here 
to extend the approach adopted by Guyoncourt^^.
Consider slip on one system so that from (U.6)
e12 = E23 = 0 (k.lk)
Further consider, besides the orthonormal specimen basis s^, an 
orthonormal shear basis n^ in which the slip system has the form 
(100) [001]. It is the three independent parameters relating 
these pair of bases which determine the specimen orientation and 
which must be obtained. The bases are related as shown in Fig. 19 
by the three Eulerian angles a, 3 and y so that any vector x in 
the specimen basis becomes x^ in the shear basis where
x = A x (k.15)«n .. ~s
and the 3 x 3  matrix A has elements
cos a cos 3- cos y sin 3 sin a cos a sin 3 + cos y cos 3 sin a sin a sin y
A - -sin a cos 3 - cos y sin 3 cos a -sin a sin 3 + cosy cos a cos 3 cos a sin y
sin y sin 3 -sin y cos 3 cos y
In the basis n., the strain matrix e.. has a simple form with non- _i* n ij
zero elements which equal unity only in the i, j positions correspond­
ing to 1,3 and 3,1. Hence, using the tensor transformation formula
e. . *= A?.1 A~\ e, . where e.. is the associated strain tensor in the s ij lk n s ij
specimen basis, the elementsse 12 an<^ se23 may obtained. From (k.lk) 
this yields the equations
sin y (sin 23 sin a cos y - cos 23 cos a) = 0,
(U.l6)
cos 2y cos 3 sin a + cos a cos y sin 3 = 0
to be solved for a, 3 and y. The slip system must have a non-zero
Schmid factor and an expression S for this quantity can be obtained 
in terms of these angles. If it is assumed that the stress state 
of the specimen corresponds to that obtaining in a specimen sub­
jected to simple tension or compression, then cr.. s a = a.
• S XJ S 3 d
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Figure 19« The Eulerian angles a, {3 and y.
S I*1
S3
Figure 20. Specimen orientation for two dimensional bending showing the
slip system with plane normal n^  and slip direction n3 in
relation to the crystal specimen (after Guyoncourt^ ).
The adjacent stereogram indicates the great circle along
which n. 9 s . n and s must lie..’
~ 1 ~ 19 • ~ 3 - 3
The form adopted by the stress tensor in the specimen basis is ob­
tained by the formula a. . - AT.1 AT- cr, 0. The Schmid factor is
H IJ x£l XrJ S KJt
given by n^13/a and equals A3} A33. Hence
S » sin a sin y cos y. (u.17)
The well established solution to (U.l6) corresponds to a = $ = 90°,
so that S = sin y cos y, and is illustrated in Fig. 20 where it can
be seen that the specimen can adopt any orientation so long as the
slip plane contains the bend axis. The slip direction is therefore
contained in the side face. The orientation will be such that both
s and s lie on the stereographic great circle of the plane normal
to s^, in addition to the vectors nj and n3« Such bending, termed
(91)two dimensional bending by Nye , has been frequently observed and
(93) .discussed, as for example by Bruneau and Pratt m  MgO and more 
recently by Sprackling^*1^  in Na C&. In addition to the established 
solution, a second solution to (^.16) and (^.17) exists which re­
stricts two of the variables when the third is specified. This 
solution, presented for the first time, is described by 
tan2 y = (l + tan2 3) (l - tan2 3)"1 with cot a = cosy tan 23 
and 1 >tan 3 > - 1. Apart from this, Guyoncourt^^ came to the 
same conclusions as those above using a simplified version of 
the present analysis. He also considered the possibility of 
bending with a pair of slip systems and predicted that this can 
occur if equal slip occurs on two systems symmetrically disposed 
with respect to the specimen axis s^  . He further concluded that 
possibilities intermediate between those discussed exist, in which 
unequal amounts of slip occur on the two slip systems. The 
nature of the present analysis enables these possibilities to be 
obtained, analytically, for the first time, for crystals of any 
symmetry.
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U.2.2 3 Dimensional Bending
N y e^^ coined the term three dimensional bending to cover 
situations where the bending was not produced by slip confined to 
a single plane. This classification therefore covers all types 
of bending in which two or more slip systems participate and the 
particular occurrence of a pair of systems is now discussed in 
detail•
From (^.6), when h = 2, the two equations
1 2
61 e12 + 62 e12 s 0 *
(I* .18)
1 2
Si e23 + 62 e23 ““ 0
are obtained. Elimination of gx and g2 yields the requirement
1 2  2  1 /»e12 ^23 - £12 £23 = 0 (4.19)
which restricts the orientation of the specimen. To obtain this 
equation in a more agreeable form, an additional orthonormal basis 
is chosen in which the second shear has indices of the form (100) 
[001]. Denoting this basis by t^ and the basis in which the first 
shear has similar indices by n^, the equations
fft = h  f8 * ft “ ^ 2 fs (u,20)
result where s^ still represents the orthonormal specimen basis and 
x, represents a vector in the basis b. where b = n ,  sort. Ax
and A2 are rotation matrices with Ax being identical to A of (U.15) 
and A2 being of the same form with a, 3 and y  replaced by 0,  ^and 
a respectively. Hence, use of (^.16) enables (^.19) to be re­
written
152
sin y(sin 20 sin a cos y - cos 23 cos a)
x (cos 2a cos $ sin 6 + cos a sin <}> cos 0)
- sin a(sin 2<f> sin 0 cos a - cos 2<*> cos 0)
x (cos 2y cos 3 sin a + cos y sin 3 cos a) = 0 (**.21)
Besides this equation, there are an additional three independent 
equations which relate the orientation of the bases n. and t. and 
which involve the angles a, 3, y9 a, 0 and <J>. These equations 
relate, conveniently, the angle between the two shear directions 
labelled &ig and &2s a the angle between the two shear plane normals 
mis and m2g and finally the angle between either &is and m2S or 
between Z2s mls* Using (**.20) the three equations become upon 
s impli fi c at i on,
sin y sin a cos (<f> - 3) + cos y cos a « £-xs . Z2s (**.22)
cos y sin a cos a sin 0 cos ($ - 0) + sin y sin a sin a sin 0
Together with (**.2l) there exists four equations, therefore, relating 
the six Eulerian angles and two of these angles can therefore be 
treated as variables. A particularly useful way of disposing of 
these variables is to fix the axis of the specimen S 3 .  Thus, the 
representation of this direction in n^ is from (**.20),
[sin a sin y, cos a sin y, cos y]n« A further requirement is the 
relation between n^ and the crystal basis c^ in which the specimen 
axis is defined. Thus,
= mis » ni2s 9 (*t.23)
cos a sin a sin (ij> - g) - cos y sin a sin a cos (ij> - g)
+ sin a sin y cos 0 = mig . Z2s * (lt.2U)
(it .25)
- -LP3 -
where M is a 3 x 3 matrix with elements given by
1 1 1
Pi ▼l. *1
2 2 02
Pi *1
3 3 „3
Pi ▼l *1
where the subscript 1 refers to the first shear the indices of which
are referred to the crystal basis c... Here, p* c^ is the normal to
• • > • »
the shear plane m,. c1 with elements p* = m, . c1  ^and v_ c. is
*  li « *1 lj 1 ~i
normal to both pj c. and c., the shear direction, with elements
1 llSLX 6 X lit •vx = eu c^e m ^  where e 0 is the alternating tensor having a 
value +1 if i, j and k form an even permutation, “1 if they form an 
odd permutation and zero otherwise. Hence, the unit specimen axis 
Jl « Jj c^  in the crystal basis has, from (4.25), indices of the
X X  X Xform J1 « Pj sin a sin y + Vj cos a sin y + cos y where i = 1,
2, 3. Using the fact that p, c. . “ v? c.. = vf p  ^ c. . = 0,
* * IJ * * ZJ A A IJ
provides
cos y = J* c.. = J . A,' 1 1 ij *.1 „1
X i
cos a sin y = J, v; c.. = J. . v. (4.26)
' 1 1 ij .1 _1
sin a sin y - J* p^ c.. = J, . p, .
1 1 ^1 ij ~1 tl
Hence, by arbitrarily choosing the specimen axis J,, a and y are 
fixed through the equations tan a = (Jx . Pj)/(Ji . v ^  and 
tan2 y = [(Jj . v^)2 + (Jj • p1)2]/(J1 . £j)2. Using those values, 
equations (4.21) (4.24) may now be solved for the remaining,
unknown angles 3, a, 0 and <J>. Thus, by eliminating (<J> - 3) from 
(4.22) and (4.24), the quadratic
cos2 a + L cos a + M = 0 (4.27)
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is obtained. Here,L = -2 (X cos y + Y sin y sin a)
with, in addition, M * (X sin a cos y + Y sin y)2 + X2 cos2 a
- cos2 a sin2 y where X ** Jtis . &2s and Y = mis . &2S« Providing
L2 > 4M which ensures real solutions to (4.27), (<!> - 6) may be ob­
tained from either (4.22) or (4.24). Equation (4.23) now reduces 
to the equation
P cos 6 + Q sin 0 * R (4.28)
giving 0, where
P « cos a cos (<> — 3) + sin a cos y sin (<> - 3)
Q * cos y sin a cos a cos (<{> - 3) - cos a cos a sin ($ - 3)
+ sin y sin a sin a
and
R * mig . m2g.
Finally, equation (4.21) enables both $ and 3 to be obtained 
separately from the equation
hi tan3 3+ h2 tan2 3 + h3 tan 3 + hi* = 0 (4.29)
where
hi = di(dtt fi - d3 f2) - e^(ei [ff - ff] - 2e2 fi fa)» 
hit ~-di(d3 fi + dit f2) + e3(ei [f 1 - ff] - 2e2 fx f2), 
h2 = 2 [d2(dit fi - d3 f2) - eit(e2 [ff - ff] + 2ei fi f2)] - h^,
and
h3 = 2 [d2(d3 fi + dit f2) - e3 (e2 [ff - ff] + 2ei fi f2)3 - hi • 
In addition,
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dj * sin y cos a, = sin a sin y cos y, d3 = sin 0 cos 2a,
d3 = cos 0 cos a, ei = sin a cos 0, e2 = sin 0 sin a cos a,
e3 - sin a cos 2 y, ei* = cos a cos y,
with = cos (<f> — 3) and f2 = sin (<J> - 0) which enable $ to be ob­
tained. Hence, provided (4.27) gives real solutions, the analysis 
readily enables the four Eulerian angles to be obtained with the 
minimum of effort and hence the necessary specimen orientation for 
three dimensional bending.
Besides the crystal orientation, several other important para­
meters are forthcoming from the analysis. Equations (4.20) and
(4.25) give x = M A, x , Since the bend axis is S2 or [010] in «*c <« ma ws <» s
the specimen basis, its corresponding value in the crystal basis is 
simply given by the second column of M Aj. In addition, the Schmid 
factors Si and S2 are given by sin a sin y cos v and sin 0 sin a cos a 
respectively or, alternatively, from (4.26) by (Ji . pi) (Ji . £1) 
and (Ji . P2) (Ji • £2)* Now in the analysis, a and y are pre- 
specified in fixing the specimen axis, so Sj is fixed too. Hence, 
it is important to choose a specimen axis corresponding to a high 
resolved stress on the first shear system. In this connection, 
from (4.26) ^  s sin a sin y cos y = (Ji . pi) (Ji . &i) and 
therefore this equation may be solved for Ji for given values of i^ 
to produce standard constant Schmid factor contours which define 
loci of specimen axes associated with the same In addition,
the ratio r of the shear magnitudes may be obtained from (4.18).
2 1 2  1 .
Thus, r = - ei2/£12 = - e23/£23 is known once the six angles
are specified. Quantitatively,
r = - (cos 2y cos 0 sin a + cos y sin 0 cos a)/
(cos 2a cos <{> sin 0 + cos a sin 4> cos 0). (4.30)
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])
Unfortunately, the absolute values of the elements of the stress 
tensor relative to the specimen basis can not be determined but 
the ratios between them can. The absolute values, from (U.5) 
and the tensor transformation formula are,
SE33 = S2 ( r  S 1 + V *
S622 = S2 ( r  Al , 1 2  Al , 3 2  + A2 ,1 2  A2 , 3 2 ) *
SE11 “  “ ^s£ 33 + s e l l ^ '
2SE13 *  g 2 ^ Al , U  Al , 3 3  + AX,13 Al ,3 1 ^  + A^2 , l l  A2j33  + A2 , 1 3  A2 ,3 1
where the A^ represent the ij element of the matrix where k is 
either 1 or 2. Hence, ratios of these elements eliminates g2 
and helps in defining the bending deformation caused by the two 
active slip systems.
The analysis to date is only possible should (^.27) possess real 
solutions. Forming the expression (L2 - 1*M) > 0 and using the 
quoted values of L and M yields the restriction (1 - X2 - Y2) >0.
This is always satisfied and hence
cos a = [X(JX . 2j) + Y(Jj . P i ) ]  ± (Jj . V!)(1 - X2 - I2r  (it.31)
As &1 c., v1 c. and p1 c. of (k.26) form an orthonormal basis,
<^1 rj
(Jl • Pi), (Jx • vx) and (Jx • &x) W  be replaced by cos X, cos v 
and cos p respectively where cos2 X + cos2 v + cos2 p = 1. Hence, 
equation (U.31) becomes cos a = (X cos p + Y cos X) ± cos v (1 - X2 - Y2)^ . 
The condition 1 > cos a > - 1 is satisfied provided cos X < Y. The
procedure1 is therefore to choose cos X consistent with this re­
striction, choose a value for cos p and obtain cos v from the 
equation cos2 v = 1 - cos2 X - cos2 p. This method is equivalent
to obtaining a locus for Jj which bounds a stereographic region 
containing specimen axes associated with real solutions. Outside 
the boundary the solutions are imaginary. This procedure of ob­
tains the restriction curves is the first step in applying the 
theory in practice and the particular example of bending in f.c.c. 
materials is now considered in detail.
^.3 Application of the Theory in Practice
As an example of the practical application of the analysis 
presented in Section k,2.29 the bending of crystals with f.c.c. 
symmetry undergoing slip on two preselected slip systems is con­
sidered. A suitable specimen axis must be chosen and as such it
must predict real solutions to the theory. The preliminary step
is therefore to obtain the restriction curves corresponding to the 
two slip systems. As (^.31) indicates, X and Y are the important 
parameters and these are given in columns 3 and 5 of Table 16 
which presents a list of the sixteen double shear systems that 
predict distinct results. From this list, the double shear 
systems which are characterised by component shears possessing 
either identical slip directions or identical slip planes, are 
omitted. Unless the values of mi . £2 sad m2 • 1^ are equal, 
different restriction curves will result depending upon which of 
the slip systems is labelled 1 and which is labelled 2. An ex­
ample of this is provided by Fig. 21 where the restriction curves 
corresponding to shear system 6 of Table 16 are presented. The 
curve for which (ill) [110] 'precedes* (ill) [Oil] is labelled 6 
and that for which the order is reversed is superscripted with an 
asterisk. The hatched region contains specimen axes which do not 
predict real results so solutions for the specimen orientation 
are sought which are independent of the labelling of the shears 
and which correspond to specimen axes lying within the unhatched region.
TABLE 16
Shear 1 Shear 2 CM 
0 ? I 
•»—♦ 
0* 1 mi . m2 mi . &2 m2 Shear System
(in)[iIo] (111)[Oil] 1/2 1/3 0 -2/6* 1
(111)[110] 0 1/3 2/6* -2/6* 2
(111)[101] 1/2 1/3 2/6* -2/6* 3
( H 1M 10I] 1/2 1/3 0 2/6* It
(ill)[110] 0 1/3 2/6® 2/6* 5
(111)[Oil] -1/2 1/3 2/6* 2/6* 6
(111)[101] 1/2 1/3 2/65 0 7
(111)[Oil] 1/2 1/3 2/6* 0 8
(111)[oil] -1/2 1/3 0 -2/6® 9
(111) [no] 0 1/3 -2/6* -2/6* 10
(I11H I 0I] -1/2 1/3 -2/6* -2/6* 11
(iIi)[Ioi] -1/2 1/3 0 2/6® 12
(ill) [Ho] 0 1/3 -2/6* 2/6* 13
(ill)[oil] 1/2 1/3 -2/6* 2/6* lit
(nl) [lol] -1/2 1/3 -2/6* 0 15
t. . . . . . . .
(nl) [oil] 1/2 1/3 -2/6* 0 16
The 16 shear systems and the corresponding scalar products £1 . £2 
(= X), . m2, mi . ( = m2 • •
From this figure, an acceptable specimen axis is [10,3,153 and 
this has been used in conjunction with each of the sixteen shear 
systems to obtain the specimen orientations, and hence the bend axes* 
The analysis of Section U.2.2 was programmed for the 1905F I.C.T. 
computer and thoroughly checked before the computer results were
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[100]
101]
[111
[001]
/
Figure 21. Standard cubic 001 stereogram indicating restriction 
curves for shear system 6 and its inverse 6*.
deemed acceptable. Because (k,21) - (1+ •2U) are trigonometric 
functions of the unknowns, more than one solution exists for y, 
a , 0 and $. Thus, four pairs of values of sin o and cos a 
satisfy (1+.27)s two pairs of values of sin (<J> - 3) and cos (<J> - $) 
satisfy {b.22) and (^.24) and finally four pairs of values of 
sin 0 and cos 0 satisfy (U.28). In addition, either one or three 
solutions to (U.29) exist and a total of either 32 or 96 solutions 
satisfy the four equations (^.21) - (1*.2U). However, acceptable 
solutions must also satisfy the equation analogous to (U.2 )^ in­
volving m2S . &is and this reduces the number of solutions to no 
more than a dozen. These are further reduced to either one or 
three, depending on the number of real roots of the cubic, since 
the predictions should be independent of the labelling of the slip 
systems. Hence, the arrival of a situation depicted in the 001 
standard austenite stereogram of Fig. 22 in which, for comparison, 
the predictions corresponding to a crystallographic variant of 
[10,3,153 are added. The predicted bend axes lie 90° away from 
the specimen axis, of course, and define a trace coincident with 
the plane of the same indices. Each bend axis is defined by a 
dot and a number which corresponds to the particular double shear 
system numbered in Table 16 and the pattern of dots on each trace 
is approximately symmetric with respect to the trace of the (110) 
plane. The approximation arises because, for example, system 6 
produces real solutions for a [lO,3,153 specimen axis but imaginary 
solutions for a [3,10,15] specimen axis, since from Fig. 21, this 
axis lies within the shaded region. Systems b and 16 are similar 
and help to explain the asymmetry.
The solutions in Fig. 22 all indicate algebraically potential 
bend axes corresponding to the particular specimen axis. The
- l6l
[010]
n 9i^ [no]
[oil]
[in]
[001 [101]10 1
12
10;
10
12
I
\ 'Figure 22
\
\
Standard cubic 001 stereogram indicating possible 
bend axes for various shear systems numbered 1 to 
16 for the specimen axes [3>10,15] and [10,3,15].
\
[100]
question now arises as to which of them is most likely to occur 
physically. Therefore, in Table IT a summary of the important 
characteristics which enable such a choice to be made, is pre­
sented for those systems which predict real solutions in con­
junction with a [3,10,15] specimen axis. Here, Sj and S2 are 
still the Schmid factors for the first and second shears while 
(i = 1,2,3) give in units of £13. The most useful of 
the six characteristics would appear to be the Schmid factors 
in conjunction with the ratio of the shear magnitudes since un­
fortunately only the ratio of the strain tensor elements can be 
obtained. High values of Sj and S2 would suggest it likely that 
the two associated slip systems would be activated in practice in 
preference to slip on alternative variants with lower Schmid 
factors. The highest values of S j and S 2 are associated with 
the equivalent systems 3 and 11, with magnitudes 0.2h and O M  
respectively. However, the ratio of the shear magnitudes is 
390.70 indicating the necessity for a far greater amount of slip 
on the system with half the Schmid factor of the other. Similar­
ly, systems 2 and 10 can be dismissed for similar reasons. The 
major problem with materials having f.c.c. or b.c.c. symmetry is 
the high number of possible variants of the same system. The 
chances of the two slip systems chosen of having the highest 
Schmid factors and hence the highest likelihood of occurring in 
the bending operation is therefore small. For example, taking 
systems 3 and 11 which have the highest Schmid factors, three 
shear systems exist having individual Schmid factors of 0.2(1,
0.35 and 0.2U, all therefore in excess of Sj.
Clearly, the analysis is more suitable for materials possess­
ing few slip systems and crystalline mercury is particularly
TABLE 17
Computer Results for the Systems Depicted in Fig. 22
System No. Si/62
*
e33
*
e22
#
ell si s2
1 -2.29 1.21* -1.53 0.29 -0.2l* 0.13
2 -2.60 -0.1*5 0.58 -0.13 0.35
3 390.70 -0.79 1.05 -0.26 0.1*8
5 -2.1»2 0.69 -0.23 -0.1*7 0.13
T 1.06 0.31 0.1*3 -0.71* -o.oi*
8 -1.15 -0.15 0.35 -0.20 -0.06
2.06 0.1*2 -0.19 -0.21* -0.06
0.1*9 0.21* -0.12 -0.12 -0.06
9 0.1*2 1.31 0.93 -2.21* -0.13
10 -1.86 0.12 -0.21* 0.12 -0.35
11 -390.70 -0.79 1.05 -0.26 0.1*8
12 0.53 -0.01 0.11 -0.09 0.12
-U.10 -0.88 1.51 -0.63 0.12
-0.96 0.72 0.97 -1.69 0.12
13 1.33 -0.95 0.21 0.71* -0.13
ll* 0.67 -1.85 0.08 1.77 -0.2l*
-20.60 -0.28 0.16 0.11 -0.21*
1.00 2.77 -2.86 0.09 -0.21*
15 -1.06 0.31 0.1*3 -0.7^ o.oi*
The shear strain ratio gi/g2, strain tensor elements in units 
of £i3 and the Schmid factors for the associated shear systems 
in conjunction with a [3,10,15] specimen axis.
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attractive with three variants of the observed {111}<I10> at 
low temperatures. For this and other materials, the procedure 
for obtaining the orientation of single crystal specimens con­
sistent with bending produced by slip on the two most likely 
slip systems, may be summarised as follows j
(i) Choose the two slip systems.
(ii) Choose a specimen axis giving a high Sj. Since Sj -
sin a sin y cos y, this involves, from (1**26), solving 
Si = (Jj , U-i) ( i . pj) for Ji the specimen axis. Any 
point on the constant Schmid factor loci may then be 
equated with the specimen axis.
(iii) Solve (l*.2l) - (l*.2l*) for the unknown angles y, c, 0 and
obtain the specimen orientation and hence the bend 
axis. Determine S2*
(iv) Work out the Schmid factor(s) for the remaining slip 
system(s) to ensure they are less than Sj and S2. If 
not, then choose a different specimen axis lying on the 
same constant Schmid factor curve and keep repeating 
the procedure until condition (iv) is satisfied.
l*.l* Discussion
For the first time a plane plastic strain analysis incorpora­
ting two or more slip systems has been presented, and the results 
analysed with reference to the plastic bending of crystals of 
cubic symmetry deforming by slip on two arbitrary, independent 
slip systems. The aim of the analysis has been to indicate the 
required ciystal orientation for such bending consistent with the 
physical essentials of high resolved shear stresses on the component
slip systems. If the crystal possesses five independent slip 
systems then hoth single crystal and polycrystalline specimens 
are able to change their shape quite readily and hence are 
susceptible to deformation by bending for any crystal orientation. 
In such cases ductility is observed. It is still possible for 
single crystal specimens to be bent in any orientation with slip 
occurring on only three of the five systems. Clearly poly- 
crystalline specimens with less than five independent slip systems 
will not bend and the deformation will portray brittle behaviour.
The analysis of Section b,2 is concerned with the degenerate 
crystal orientations associated with slip on either one or two 
slip systems. Of particular interest are the cases where the 
systems are symmetrically disposed about either the specimen or 
bend axes. Fig. 23 after Guyoncourt^^, illustrates the symmetric 
three dimensional bending orientation for a crystalline mercury 
specimen in which equal amounts of slip occur on the (111)[Oil] 
and (lll)[10l] slip systems. The bend axis s2, which is normal 
to a mirror plane, can then assume any position on the dotted 
locus with the normal to the top face, s , 90° away from the 
chosen position. These symmetric situations are readily shown 
to obey the analysis. Thus, taking for example the (lll)[l0l] 
and (111)[Oil] f.c.c. slip systems and a [llo] specimen axis en­
ables the calculations of a and y to be obtained and hence the 
bend axis in terms of 0. Pursuing a similar theme for 0 and a 
enables the bend axis to be obtained in terms of <*>. Comparing 
the two expressions for the bend axis gives sin <}> = sin 0 and 
cos $ = cos 0. The calculated Eulerian angles automatically 
satisfy (^.19) and hence an infinity of bend axis exist cor­
responding to the infinite choice of 0 and $. A similar procedure
- 1 6 6  -
[110]
(ill)
OlIV
[101],
§ 3 (ill)
(In)
ill
[Oil]
(ill)
[101]
Figure 23. • Degenerate three dimensional mercury "bending in­
dicating the possible crystal orientations for 
bending by slip on two systems in mercury (after 
Guyoncourt ). Note the symmetry of the . 
situation.
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in which the bend axis is symmetrically chosen, shows that cor­
respondingly, any specimen axis is possible. These conclusions 
are valid for arbitrary crystal systems but their proof easier 
to show for high symmetry materials with simple shear systems.
(93)The three dimensional bending observed by both Bruneau and Pratt 
and Sprackling^^ derived from crystals similarity oriented with 
respect to the specimen and bend axes but it would be of interest 
to repeat the experiments with orientations predicted from the 
present theory.
Although no mention has been made of twinning in the bending - 
induced crystal deformation, it is clearly of importance especially 
in materials which twin profusely. In obtaining the total number 
of independent slip systems within a given crystal it is assumed 
that slip on a single plane in both positive and negative slip 
directions counts for one system. The twinning shear is, of 
course, uni-directional and it is appropriate to count twinning 
as half a deformation system. Hence, when bending at low tempera­
tures, whereupon twinning tends to prevail over sLip, all deforma­
tion modes must be considered if the predicted crystal orientation 
is to retain significance.
The most direct extension of the plastic strain analysis would
appear to be in the twisting of crystalline specimens. An
(95)analysis by Bilby and Gardner has been published in which a 
continuous distribution of dislocation approach enables twisting 
under conditions of single glide to be examined. However, an 
analysis similar to that adopted for bending enables the more 
general case of slip on more than one system to be examined.
Apart from differing strain components, the resulting analysis will 
still entail the solving of equations in unknown Eulerian angles.
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Considering one end of the specimen to be fixed and the other to 
be twisted by an angle 0 about the specimen axis X3, gives the 
displacement of a particle at a distance d from the axis as 
Uq = d8. The x^ and x2 components of this displacement, where 
xj and x2 are axes contained in the end face, are Uj = -x2uQ/d 
and u2 = x^/d. The displacement u3 is taken to be independent 
of x3 and proportional to a the twist per unit length given by 
0 = x3a. Hence, \ii = -x20, u2 * xj0 and u3 « a where 
= ip (xj,x2). The strain components of the tensor e.. are given 
by e-. = \ (3u*/3x. + 3u./3x.) and clearly the only non-zero 
components are ei3 and e23. Therefore, in analogy to (k.6), the 
three independent equations e\2 = 0,en » 0 and £22" 0 nust be satis­
fied. If slip on three independent systems is assumed to occur 
then the determinental equation
1 2 3
£12 £12 £12
1 2 3
£11 £11 £11
e22 £22 £22
must be satisfied. This compares with equation (U.19) which 
states the condition for slip on two independent systems to occur 
to permit bending. As for the bending case, four equations in 
unknown Eulerian angles will result although one equation, that 
given by the 3 x 3  determinental equation above, will be com­
plicated in comparison with (U.21) which results from the 2 x 2  
determinental equation of the bending theory. Again, the de­
generate specimen orientations which permit twisting to occur on 
two or less slip systems may be examined in detail as before.
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The theory of twisting is closely related to the bending of 
crystals which are not oriented in a manner consistent with two 
or three point bending. These crystals then deform by a com­
bination of bending and twisting in a complex manner which may 
be rationalised by a knowledge of the individual analyses.
This analysis of twisting and the ones in Sections U.2.1
and 1*.2.2 on bending, assume the total strain to be a linear
combination of the strains associated with each of the component 
slip systems and no interaction terms are considered. This in 
turn assumes the deformation resulting from slip may be written 
in the product form Sw ... S2 Si* The reverse state of affairs
mm
occurs if vanishingly small amounts of slip are assumed to occur
on each system such that the resulting slip deformation is in­
dependent of the assumed order of resolution of the component 
shears. The procedure is identical to that given in the general 
discussion section of Chapter 2. The likely physical situation 
probably falls within these two extremes. Thus, at the outset 
of bending or twisting, slip on the system with the highest re­
solved shear stress will occur and thus be similar to the first 
resolution. As the deformation proceeds, slip on additional 
systems will occur which might be expected to alternate in a 
manner consistent with the second resolution. Hence, results 
obtained from a procedure based on this resolution would be 
useful in predicting the range within which experimental results 
might be expected to lie.
Any such results, to be meaningfully compared with the 
theoretical predictions, would have to be experimentally con­
sistent with the restrictions placed upon the theory. One of 
these restricts the magnitude of the deformation to be small
enough to permit interaction terms, in the product of the com­
ponent strains, to he ignored. The analysis for bending is 
simplified through two restrictive assumptions. In one, the 
front and back faces are assumed to remain plane so that direc­
tions normal to the bend axis remain normal to it. This would
not seem unreasonable if pure bending does indeed occur for which
(89 93 9k)four point bending devices would seem preferable t
important second and final assumption limits the nature of the 
deformation to be homogeneous in infinitely small regions of 
crystal. However, metals and alloys are known not to deform 
homogeneously and, in addition, grain boundary-dislocation inter­
actions could effect ductility properties of polycrystalline 
specimens. A study of such interactions requires a knowledge 
of the nature of the dislocations and it is to be hoped that the 
present analysis enables the prediction of dislocation systems 
to be made for crystals undergoing three dimensional bending in 
particular orientations.
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CHAPTER V 
COHCLUDING REMARKS
The standard theories of martensite crystallography assume the 
lattice invariant shear to be a single shear which, when combined 
with a pure lattice deformation, may enable a macroscopically un­
distorted interface to exist. Further, the majority of applica­
tions of the theory assume a uniform interfacial dilatation to 
exist which is varied until the predictions best match observations.
The majority of theoretical and experimental work has been 
directed towards the f.c.c. ->b.c.t. transformation occurring in 
alloys of iron. The inevitable conclusion has been that neither 
of the assumptions appear justified and following a detailed resume 
of the most relevant of the recent experimental work which is 
summarised in Chapter I, a generalized martensite crystallography 
theory is presented in Chapter II. This theory allows for the 
occurrence of a pair of unrestricted lattice invariant shear 
systems and is applied in detail to the important phase transforma­
tions in iron and titanium alloys. The theoretical predictions of 
habit plane, magnitude and direction of the macroscopic deforma­
tion and orientation relationship are compared with the available 
experimental data. Although it is concluded that more detailed 
observations are required for both alloy types, the correlation 
between predictions and existing data for certain transformations 
in iron alloys is encouraging.
An alternative but more elegant derivation of a generalized 
martensite theory appears in Chapter III. This forms a degenerate
case of a theory of transformation strains which covers all the 
standard and extended theories of twinning and martensite. In 
addition, new theories relating lattices by homogeneous invariant 
plane strains are presented together with examples of two and 
three dimensional lattices related by a single shear. These 
theories are of particular interest because of their close simi­
larity to the early theories of phase transformations. For all 
types of degenerate theory, expressions for the magnitude, plane 
and direction of the component deformations are presented in their 
most general form, and these expressions relate crystal bases of 
arbitrary symmetry.
Plane plastic strain theories cover bending and twisting de­
formations as well as describing technologically important phenomena 
such as rolling. A preliminary version of such a theory is pre­
sented in Chapter IV and is similar to the previous deformation 
theories of earlier chapters in that multiple deformation modes 
are assumed to occur and are described by matrix algebra. Recent 
work at the University of Surrey made use of bending as a major 
deformation technique and the algebraic predictions and numerical 
results obtained by assuming the strain to be described by the 
occurrence of either single or duplex slip, are conveniently 
interpreted in terms of plastic bending.
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Abstract
A generalized theory of transformation strains in lattices is 
developed which incorporates earlier analyses of both deformation 
twinning and martensite crystallography in addition to other new 
transformation mechanisms. In the formal analysis two different 
lattices are related by an invariant plane strain, a rotation and 
a further strain which characterises the particular transformation 
being considered. A general solution is then obtained for the in- 
variant plane strain in terms of this characteristic strain. The 
special cases of twinning shears, invariant plane transformation 
strains and martensite crystallography theories are examined in 
detail for mechanisms involving either single or double strains.
In these cases the characteristic strain consists of appropriate 
combinations of shears, pure strains, invariant plane strains and 
lattice invariant deformations. Applications of the particular 
mechanisms examined to transformations of technological interest 
in crystalline materials are discussed and further special cases 
and extensions of the analysis considered.
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Introduction
Many phase transformations in crystalline materials involve 
an ordered movement of atoms or ions and hence produce homogeneous 
macroscopic deformations (Christian 1965). These transformations 
often form the basis of important technological processes and have 
thus been the subject of detailed experimental and theoretical 
investigations. This is particularly true of the martensite re­
action in steels which has given its name to the whole class of 
martensitic transformations. The mechanisms involved in these 
phase changes are complex, involving combinations of both lattice 
and lattice-invariant deformations. In particular, twinning 
shears play an important role in transformation processes, many 
martensitic product structures consisting of stacks of fine twins.
In addition, deformation twinning, which is itself an important 
factor in the plastic deformation of crystalline materials, may be 
considered to be a degenerate form of phase transformation as, al­
though it does not result in a change of crystal structure, it 
still involves a homogeneous macroscopic deformation. It is 
therefore of interest to develop a general analysis of transformation 
strains which incorporates the special case of twinning shears in 
addition to the more complex operations associated with trans­
formations in lattices.
In two recent papers (Bevis & Crocker 1968, 1969) a new 
general theory of twinning shears in lattices has been developed 
and applied to specific lattices. The basic concept of the theory 
is that the deformation associated with twinning can be resolved 
into a rotation and a strain which can be represented by a uni- 
modular correspondence matrix. In the present paper this theory 
is generalised in two distinct ways. Firstly, the twinning shear
becomes an invariant plane strain which is resolved into a rotation 
and a characteristic strain, the form of which specifies the nature 
of the transformation process being considered, and which may con­
sist of a combination of several deformation operations. Secondly, 
the total shape deformation and the component strains are considered 
to operate on two different lattice bases, corresponding to the 
parent and product lattices of a transformation, rather than the 
single basis of the twinning theory. The resulting analysis of 
transformation strains in lattices is presented in §2. Then in §3 
we examine six special cases of this general theory. These are 
of particular interest as they correspond to processes which are 
of practical importance. Thus the degenerate case of deformation 
twinning, which has already been treated in detail (Bevis & Crocker 
1968, 1969), is briefly discussed. Then the example of a lattice 
transformation being produced by a single unrestricted invariant 
plane strain is considered. This is followed by an elegant re­
formulation of the conventional theories of martensite crystallo­
graphy (Christian 1965) in which the total shape deformation is an 
invariant plane strain which is resolved into a rotation, a pure 
strain and a lattice invariant shear. These three cases all in­
volve single deformation processes •, the remaining three applica­
tions of the general theory which are given in §3 are the cor­
responding double deformation mechanisms. Thus the analysis of 
double twinning (Crocker 1962), in which two twinning shears com­
bine to produce a plate of homogeneously sheared material is shown 
to be a special case of the theory. The combination of two un­
restricted invariant plane strains to produce transformations 
between any two lattices is then considered. Finally a 
generalized form of the conventional martensite crystallography 
theories in which the single lattice invariant shear is replaced
by two shears of this kind is presented (Acton & Bevis 19^9, 
Ross & Crocker 1970). These six applications of the theory 
and other possible developments are discussed in §U. Through­
out this paper the tensor notation adopted by Bilby & Crocker 
(1965) and described fully in the Appendix to their paper is 
used extensively.
2. General Analysis
Consider two lattices defined by the direct lattice re­
ference bases c^  and p^ (i = 1, 2$ 3). Denote the corresponding
reciprocal lattice bases by c1 and p1 and the four metrics by 
c. . = c. . c., p. . =* p. . p., c 0 = c . cu and p 0 = p . pu
1 J  «  ~  ~  <V
respectively. Let the first lattice be deformed by an in­
variant plane strain of magnitude f on the plane of unit normal
h. c1 in the direction of the unit vector u1 c.. Here, the 
1 - -1 9
usual summation convention of the tensor calculus is adopted9 so 
that
c1  ^h. h . = c. . u1 u*^ = 1 . (l)
1 0 ij
As a result of the deformation the triplet of basic vectors c^
Fbecomes c^ given by
F i / \
c. = F . c. (2)J -1
where the invariant plane strain is represented by the matrix
FS = ^ + f ui ho • (3)
being the Kronecker delta. Now let the second lattice be 
subjected to a general homogeneous deformation represented by 
the matrix D1 . so that the triplet of basic vectors p. becomes
t)
given by
Dp. = D1. p. . W
£o 0 ~i
■p r\
If c. and p. are identical we have from (2) and (k)
~i ~i
F1 . c. = D1. p. (5)
0 ~i 0 ~i
and if d\  is resolved into a rotation represented by the matrix
R1. and a characteristic strain A1., the possible forms of which 
J 0
will be discussed in §3, we obtain
F1. c. = R1, Ak . p. . (6)3 ~i k 0 :i
1 I TEliminating R  ^ from (6) by using the identity p^ R ^ R ^ = p ^
(McConnell 1957) we obtain
c. . F1 F^ = p. . A1 A^ . (7)ij k a -^ ij k a
• • • * * iWe now consider the possible invariant plane strains F . which
0
satisfy (7) for given c.., p.. and A1 ..
10 13 3
Using (3) we substitute in (7) for F1. to obtain9 on using (l)
J
X.. (h,u,A) = f2h. h. + f(c.7 uk h. + c„. u^ h.) + c. .
10 1 0  ik 3 &0 i 10
- q. . = 0 ,
10
(8 )
k &where q. ^ = p ^  A  ^A . - These equations are symmetric in i and 
j and thus reduce to six simultaneous equations for h^9 u1 and f. 
Forming X ^  c1  ^we now obtain
f2 = c1 J q , . . 2 F . l  , (9)
where F = 1 + f u1 h. is the determinant If1.! of F1.. Also u1
l 0 0
and f may be eliminated from (8) by forming the expression
the summation convention being suspended for Greek letters. We 
then obtain the three quadratic equations
(c - q ) h2 - 2(c - q ) h hrt + (c - q_.) h2 = 0
aa aa 3 a3 a3 a 3 33 33 a
(10)
for h /h . In general, equation (10) gives rise to two solutions
06 p
for the invariant plane h^. The equations X = 0 may now be 
written
2 f h c . u1 = q - c - f2 h2 (ll)
a ai aa aa a
• . , , i ,
which gives the corresponding displacement directions u~ m  terms 
of h. and f,l
Alternatively (j) may be solved by first inverting both sides 
of the equation to obtain
cij p-l k^  F-1 i' _ ij A-1 k^  A-1 z  ^ j
1 3 i 3
where F 1 1. and A 1 1. are the inverses of F1. and A1, respectively,
3 3 3 3
Substituting in (12) for F*"1 \  from
F~1 1. = 61. - F”1 f u1 h. (13)
3 3 3
we obtain
X1  ^ (u, h, A"1) = F”2 f2 u1 uj - F**1 f(clk h^. u*5 + c ^  h^ u1)
+ clj - q1*5 = 0 , (111)
where q1  ^= pk  ^A 1 1 A”1 ^ 0 . and thus forming X1  ^ c. . we have
k * ij
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(15)
Equations (9) and (15) now give the following restricting on the
elements of A1.
0
F”1 (e1  ^q.. - 1) = F(c.. q3^  - l). 
tLJ lj
(16)
Also corresponding to equations (10) and (11) we obtain the three 
quadratic equations
3. Particular Transformations 
3«1 Introduction
We shall here consider the application of the general analysis 
of transformation strains developed in §2 to the six particular 
cases discussed in §1. These fall into two groups involving one 
and two invariant plane strains respectively and each group con­
tains three examples, which will be labelled twinning, transforma­
tion and martensite. In the first of these the lattice is re­
stored by the deformation but in a new orientation, in both the 
second and the third a new lattice is created and in the third 
there is the additional condition that an invariant interface must 
separate the original and new lattices. The forms which the
(IT)
• igiving the two solutions for the displacement directions u directly
and
(18)
giving Ik  in terms of u1 and f.
8characteristic strain A1 . takes in these six cases are summaried 
in Table 1, which also indicates the degeneracies which arise in 
the total shape deformation f\  and the second lattice basis p^.
The notation adopted in this table and elsewhere in this section
• iis that unimodular matrices are represented by U ., shears by
S1. and pure strains by P1., first and second deformations in 
J J
the cases involving two strains being distinguished by subscripts 
1 and 2. The analyses for these six cases will now be consider­
ed individually and discussed with some further more complex 
applications of the theory in §^ *
3.2 Single Twinning Shears
A full analysis of twinning shears in lattices based on 
the equation
S1. c. = R1 Uk. c. (19)0 k j „i
has already been given (Bevis & Crocker 1968). Indeed, on re­
placing the characteristic strain A1. by the unimodular matrix
tJ
i • • i iU * and the invariant plane strain F . by the shear S ., so that
0 0 J
F Of equation (9) becomes unity, and allowing the second basis p.
to be identical to the first basis c., the equations of §2 reduce
to the corresponding equations of this earlier paper. The form
of the matrix U1., which is effectively a correspondence matrix
relating the reference cell defined by c. to the new cell into
which it is deformed by the shear S1., has been examined in detail
J
and crystallograph!cally equivalent correspondences discussed 
(Bevis & Crocker 1968). In addition, the significance of the 
correspondences defined by the inverse, the transpose and the
- 9 -
transpose of the inverse of U1 * has been investigated, and by
0
considering relationships between these four matrices, seven 
classes of twinning mode have been defined. The orientation 
relations associated with five of these classes do not satisfy 
the classical laws of deformation twinning. When this analysis 
was applied to specific lattices (Bevis & Crocker 1969) examples 
of all seven classes of twinning mode were obtained, including 
many non-eonventional modes with four irrational twinning ele­
ments .
3*3 Single Invariant Plane Transformation Strains
We here consider the possibility of transforming a lattice 
defined by the basis c^ into a new lattice defined by a second 
basis p^ by means of a single invariant plane strain F1 . We
allow the plane, direction and magnitude of this strain and the
orientation of the product lattice to be unrestricted. In 
addition the unit cell defined by the triplet of vectors c^ may 
be deformed into any one of the infinity of unit cells defining
the product lattice. Thus we have
pia -°i = R\  ?i • (20)
where u \  is a unimodular correspondence matrix of the form dis­
cussed previously (Bev5.s & Crocker 1968). Therefore, as indica­
ted in table 1, the formal analysis of this application is given
by equations (l) to (18) of §2 on letting the characteristic 
♦ »
strain A . become U .. In addition the quantity F defined in
(9) specifies the ratio of the volumes of the two phases and is
1
thus given by |p.-12 |c. .|~5. Hence equation (16) becomes 
ij lj
Equation (21) acts as a restriction oh the lattice parameters of the 
two phases and on the elements of the unimodular matrix* Indeed* 
in practice it can only "be satisfied for a few correspondence 
matrices and lattices related in very restricted ways. However* 
in principle* if two lattices and a correspondence matrix do satisfy 
(19), we can proceed to solve equations (9)s (10) and (ll), or 
(15), (17) and (18), or a combination of these two groups for f, 
h., and u1* the elements of F1.. A more fruitful approach, however,
is to introduce a second invariant plane strain so that trans­
formations between any pair of lattices can he considered. Such 
an analysis is again a special case of the theory presented in §2 
and is discussed in detail in §3.6.
3.^ Single Shear Martensite Crystallography Theory
In the classical theories of martensite crystallography
(Christian 1965) the total shape deformation is considered to he
*
an invariant plane strain F1 .^. The invariant plane of this de­
formation is assumed to he the interface between the parent and 
product lattices, any volume change associated with the trans­
formation being accommodated by a strain normal to this plane.
The deformation F1. is formally resolved into a lattice deforma-
t)
tion, consisting of a rotation R1. and a pure strain P1., which
includes the volume change associated with the transformation,
and a lattice invariant deformation S1., which is assumed to he
J
a simple shear. Thus we have
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so that, as summarised in table 1, the basic analysis of the theories
is given by the equations of §2 on letting the characteristic strain
A1, equal P1. Sk . and the second lattice basis p. be identical with 
J it j
the first basis c^ . Thus q ^ 9 which is introduced in equation (8), 
is given by
q.. = c, 0 P11 PZ Sm. Sn . . (23)tLj m n x j
Now a shear of magnitude g on the plane of unit normal n1 c.
in the direction of the unit vector Z. c1 may be represented by 
the matrix
S1. a i 1. + g i 1 m. , (2k)
J J J •
where c1  ^ m. m. = c. . Z* Z^  = 1; m. Z1 = 0. (25)
i J ij 5 x
Note that the inverse of this matrix is given by
S*1 \  = 61. - g Z1 m. (26)
J J J
and represents the same shear as (2k) but in the opposite sense.
In the theories mu and &1 form part of the data but g is a para­
meter which is fixed by the invariant plane strain condition.
The pure strain p1. is defined by the relation 
0
P1. e. - Ck . p. (27)
j k o -i
where CR1  ^is a rotation matrix and c\  is a correspondence matrix 
defining which parent unit cell is deformed into a particular 
product unit cell. Note that although the product lattice basis 
p^ does not apparently occur in equation (22) it is introduced ex­
plicitly in (27). The correspondence defined by this equation is 
the remaining part of the data for the theories. As in the case
of equation (6) of §2 we eliminate CRX. from (27) to give
J
c. . P1. e p. . C1 . (28)ij k £ k il
Hence substituting in (23) we obtain
q. . « p Ck CZ Sm. Sn . * (29)m n l o
Similarly
= pM  C-1“ G~ln. S"1 1 S”1 j . (30)^ k Z m n
Finally F, which is introduced in equation (9) is given by
F = Ipij15 l®ijl 2 (31*
Substituting from (29), (30), (2^ ) and (26) into (l6) we ob­
tain the following quadratic equation for the magnitude g of the 
lattice invariant shear.
(F"1 K.. A1 Z° - F K1  ^m. m.) g2 
10 i 0
+ 2(F~1 K. . clk Z^  m. + F K1  ^c., Zk m.)g
+(F~2 K. . c1  ^- F K1  ^c. . - F”1 + F) = 0 , (32)
ij 1J
where
Kid = P w  cki C V  ^  = p“  C_1 \  C_1 \  • (33)
Using (31), equation (32) gives two values for g which in turn,
using (2k) define two possible lattice invariant shears S1. and
0
hence, using (29) and (30), pairs of values for q.. and q1^. The
10
two possible values of the magnitude f of the total shape deforma­
tion can now be determined from either (9) or (15). For each of 
these, equation (10) gives two possible invariant planes and 
equation (11) the corresponding directions. Alternatively these
- 13 -
elements may be obtained from (18) and (17) or more directly, 
avoiding the use of previously determined quantities, from (10) 
and (17), in this case corresponding planes and directions being 
chosen using (3l). Thus the analysis of §2 can be used in a very 
direct and elegant manner to determine all the basic crystallo- 
graphic features of martensitic transformations which involve a 
single lattice invariant shear.
3»5 Double Twinning Shears
Our first application of the analysis of §2 to mechanisms
involving two invariant plane deformations is to the degenerate
case of double twinning. This involves two twinning shears
S.1. and S 1 . occurring together in such a way that the total 
J J
shape deformation is itself a twinning shear S1.. A comprehensive
J
analysis of this phenomenon has been given by Crocker (1962) using 
the notation of matrix algebra. We shall demonstrate here that 
this analysis is a special case of the present theory and that it 
can be formulated much more elegantly using the concept of uni- 
modular correspondence matrices used in §3.2. The basic equation 
of the double twinning process (Crocker 1962) may be written
S1 c. = 82\  sA  c . (3U)
Equation (3*0 may be obtained from (6) by letting F1., A1.
J 3
k
J' 2 k i j
twinning is clearly a special case of the general theory. How-
x i and p. become S S S . and c. respectively, so that double j . j-
ever, in this formulation the second twinning shear S x. has
2  J
an involved form as it is referred to the original basis c^  and
. Tnot the reoriented twin basis c^, produced by the first shear 
S^j, in which it actually occurs. To overcome this difficulty
- Ik -
we let
Tc. = R t  c. (35)
- 1 1 - 0
T i • i Tso that S . * the simple form taken by SA . when referred to c.
2o 2 j ..i
is given by the similarity transformation
S 11 = R 1 TS k R"1 .^ . (36)
20 1& 2 A 1 0
In addition using (19) we can write
“i1! - ^  0 ** * V j - V kV t . (37)
i T i •where U, . and U0 . are unimodular matrices of the form discussed 
1 0 2 0
previously (Bevis & Crocker 1968). Substituting from (36) and 
(37) into (3^) we now obtain
ei _ U_i Ttt k TT £ foR}S . c. = R , Uo 0 Ui . c. l3o;
O-i & z * 1 0 -1
U i i k T £ .
where R . = R Rj R2 •• Thus, as summarised m  table 1 for 
0 k £ j
the special case of double twinning, the characteristic strain AX_.
of §2 is a unimodular correspondence matrix U1. given by
J
ulj = Tu M c °ikj • (39)
Hence, if the correspondence matrices of the component shears of a 
double twinning mechanism are known, the correspondence matrix of 
the single equivalent twinning shear is given by (39) and the re­
lated twinning mode is then given by the single twinning shear 
analysis discussed in §3.2.
The simplicity of equation (39) and the established character­
istics of related correspondence matrices (Bevis & Crocker 1968) 
lead to very direct proofs of various degeneracies of the double 
twinning analysis which were discussed in detail by Crocker (1962),
- 15 -
In particular ”The Reciprocal Theorem”, which states that the 
simple equivalent twinning modes of certain mechanisms involving 
component modes which are reciprocal to each other are identical, 
becomes self evident, although it involved a lengthy proof in the 
Original analysis.
3.6 Double Invariant Plane Transformation Strains
We here extend the analysis of §3.3 to consider the pos­
sibility of transforming a lattice c^  into a new lattice p^
by means of a pair of invariant plane strains F 1. and F^1..
l 0 j
Thus we wish to solve the equation
F \ F k. c. * R1 p. (kO)
2 k 1 j j  k j u
which may be written
F*1. c . = R1, Ukfi F ~l£. p. . {hi)
2 j k SL 1 j Xi
X X B* i
On letting the characteristic strain A . be U , Fi .we see 
that this transformation again forms a special case of the analysis 
given in §2. Thus we obtain
^  U*n yl_1 “i Fl_1 “j ’ (U2)
. (u3)
In addition, the volume ratio F associated with the complete trans­
formation is given by
F = F2 Fi = |Pij|? . (WO
Substituting from (k2) and (1+3) into (l6), using (3) and (13) for 
both Fj1. and Fg1., eliminating F2 using (1*4) and letting
Fj = 1 + Uj1 *1^9 we obtain the following quadratic equation 
for f^, the magnitude of the strain F^..
H. . u 1 u /  - F2 H1  ^h . h . - 2H. . clk u,j h„ (u/ h )
ij I 1 li 10 10 1 lk 1 U
+ Hid ^  < V h l£)2 - (ul"hU )2
f 2 1
H. . clk u  ^h , + F2 H1  ^c.. u k h. . - H. . c1  ^
10 1 lk ik 1 lo 10 V  h1
+ (ui V
H. . c10 - F2 H10 c.. - 1 + F2 
10 10
= 0.
(U5)
Here, H. . and H1  ^equal p„  t^ . U^. and pk  ^if1 U”*1^  re-
1J K A» 1 J II ^
spectively and the plane and direction of Fj1  ^are represented
by h . and n 1. Thus, given c. . and p. . we may choose particular
IX I 13 X J
values of U1., U 1 and h.. and proceed to obtain two possible 
0 1 11
values of fj from (^5). Therefore, we may obtain using (3) two 
invariant plane strains F 1 . and hence from (k2) and (1*3) the
1 0
corresponding values of q. . and q1 .^ We then carry out the same
10
procedure as that described in §3.^  to determine a pair of pos­
sible second invariant plane strains F21  ^ for each of the two
strains Fj1.. Thus we have in general four solutions for 
x k
F2 k Fj ., the total shape deformation as defined in (^ 0).
In the present application the degenerate case which arises 
on letting the invariant plane strain Fj1. become a shear S^1.
0 1 0 
is particularly interesting. Our basic equation then becomes
F 1 S k c. = R1 Ip. -D.2 k 1 j .1 k 0 ~i (b6)
and we have u ^  h ^  = 0 so that (1*5) assumes the same form as (32)
- 17 -
of §3.b9 the corresponding equation for the single shear martensite
analysis. It is therefore still9in general,possible to obtain
solutions for the total strain forany parent and product lattices.
However, the further degeneracy associated with letting be-
come a second shear S *. does not enable volume changes to be con-
2 0
sidered and is thus of restricted application.
3.7 Double Shear Martensite Crystallography Theory
The theory developed here is the same as that described in 
§3.^ except that the total shape deformation F1. is resolved into
tJ
a rotation, a pure strain and two lattice invariant shears
and S^1 . rather than one such shear. We therefore have
2 0
F1. c. « R1 Pk S 1 S,m . c. (b7)
0 -i k & 2 m 1 o ~i
so that, as indicated in table 1, the characteristic strain A1.
* ’ 0
of §2 has become P , S „ S. . and the basis p. is identical with
k 2 H 1 o -i
c^ . Thus corresponding to (26) and (27) we obtain
q. . = p. Ck CA S m S n S °. S P , (bQ)
Hi0 k£ m n 2 o 2 p l i l o
lj = k£ c-i m c-i n S-1 o g-l p S-1 l S-1 d #
* k & 2 m 2 n i o l p
Hence substituting from ( 8^) and (b9) into (16) we arrive at the
following restriction on the magnitudes gj and g2 of the shears
S,1 . and S,1..
1 J 2 0
S f A (gl)m (g2)n - 0 . (50)
m=o n=o
The values of the coefficients A in equation (50), which are
mn
functions of the lattice parameters of the two phases, the cor­
respondence and the planes and directions fcj1, oP "^e
- 18 -
two shears, are given in table 2. For a given value of g^ or 
62* equation (50) gives, in general, two possible values of g2 
or Qi both of which ensure that F1. is an invariant plane strain.
Any pair of values gj and g2 satisfying (50) can then be sub­
stituted in (i*8) and (h9)9 making use of {2k) and (26), to derive 
the corresponding values of q.. and q1  ^and hence, following the 
same procedure as that outlined in §3.^ , pairs of complete solu­
tions obtained for the crystallographic features of a transformation. 
Thus in general, for a particular value of either gj or g2, four 
possible solutions arise, and, as the chosen shear may be con­
sidered to be a parameter of the theory, four families of solu­
tions can be obtained for a given pair of lattice invariant shear 
systems.
Discussion
The principal aim of the present paper has been to develop 
a general analysis of transformation strains in lattices and to 
show how the resulting theory can be used to investigate six 
special cases of particular interest. These include (§3«2) de­
formation twinning which was the subject of an earlier detailed 
study (Bevis & Crocker 1968) upon which the present generaliza­
tion was based. This analysis has been used to generate many 
specific twinning modes in the Bravais lattices (Bevis & Crocker 
1969) and to study deformation twinning in various crystalline 
materials (Crocker, Heckscher, Bevis & Guyoncourt 1966; Bevis 
19685 Bevis, Rowlands & Acton 1968). Also included (§3.^ -) are 
the well-established theories of martensite crystallography.
The formulation given here, however, is simpler and more elegant 
than the earlier presentations (Christian 1965), although when
- 19 -
applied to particular transformations it -would of course result in 
the same well-documented predictions. The case of double twinning 
(§3.5) has also been analysed and applied in detail (Crocker 1962, 
1963). Indeed, it provided an important stage in the development 
of the present analysis as it demonstrated the existence of non- 
conventional twinning modes which led to the generalized theory of 
twinning shears in lattices (Bevis & Crocker 1968). Again, how­
ever, the formulation of double twinning given here is more refined 
and concise. The three remaining particular transformations dis­
cussed in §3 are presented here for the first time although some 
degenerate cases have been considered earlier. Thus, a special 
case of the double shear martensite crystallography theory of §3.6 
which is appropriate to phase transformations in steels has been 
given by Acton & Bevis (1969) and applied to reactions in two 
particular alloys. An alternative but equivalent analysis based 
on geometrical models has been developed independently by Ross & 
Crocker (1970) and also applied to transformations in steels and 
titanium for which experimental evidence of multiple shear processes 
has been obtained. These applications involving double shear pro­
cesses produce additional structural problems including the morphol­
ogy of crossing twins and the nature of irrational double interfaces 
and these have also been discussed (Acton & Bevis 1969, Ross & 
Crocker 1970). Similarly a preliminary version of the single in­
variant plane transformation analysis of §3.3 involving the de­
generate case of a homogeneous shear was considered by Crocker &
Ross (1969) and the desirability of extending this to more general 
multiple strain cases discussed. Now, applications of this kind can 
be made, using the general analyses of §3, to transformations between 
any two lattices. Indeed, some further applications have been
-  20 -
carried out and details will be given elsewhere.
The single and double invariant plane transformation strain 
analyses presented in §§3.3 and 3.6 are of interest as they may 
be used to describe changes of crystal structure in terms of homo­
geneous shears and invariant plane strains. These processes are 
closely related to the familiar deformation mechanisms of crystals 
and may be readily described in terms of dislocation motion. In­
deed, as described in §3.6 for the general double strain case the 
plane and direction of the first strain may be chosen freely and 
may thus define an operative deformation mode of the parent crystal. 
However, the second strain, like the total shape deformations of 
martensitic transformations, will in general have irrational ele­
ments. Nevertheless, transformation strains expressed in these 
terms provide a more realistic description of the atomic mechanisms 
involved than the generally accepted triaxial pure strains of the 
conventional martensite theories. This is clearly demonstrated 
by the fact that early analyses of martensitic transformations 
(Hall 195*+) attempted to use this approach in an intuitive manner. 
These were largely unsuccessful as they lacked a general basic theory 
and in particular were mainly restricted to strains with rational 
planes and directions. In practice, however, in the current
"N
phenomenological martensite crystallography theories it is the relat­
ion between the original and final lattices that is significant and 
not the mechanism by which the transformation is achieved. Thus, 
the present relation based on shear strains will always be equiva­
lent to a relation based on a particular correspondence so that 
an important feature of the analysis given here is that it pro­
vides a realistic method of choosing a correspondence.
- 21 -
Some interesting further developments of the theory presented 
in §2 can clearly he carried out and some of these have already re­
ceived attention. Thus, interfacial dilatations similar to those 
contained in conventional theories of martensite crystallography 
(Christian 1965) could be introduced. An analysis of lattice 
shuffles and multiple lattice shuffles similar to that given by 
Bilby & Crocker ( 1 9 6 5 )  is possible . The relations between trans­
formation modes generated by related unimodular matrices, as ex­
amined for the case of twinning by Bevis & Crocker (1968, 1969), 
may be established. The nature of the relevant interfaces could 
be discussed in terms of either discrete dislocations or sur­
face dislocations as in the analyses of Bullough & Bilby (1956) 
for martensite crystallography and Bullough (1957) for twinning.
More general transformation strains than the invariant plane strains 
used here can be investigated and further more involved applications 
such as triple twinning and triple shear martensite strains con­
sidered. Another interesting development is the study of trans­
formation strains in hyperspaces for which the tensor notation 
adopted here is particularly suited. The establishment of links 
between the present theory and analyses of other apparently un­
related phenomena which use essentially the same algebraic approaches 
(Truesdell 1966; Willis 1969) might also be fruitful. The pre­
sent paper, containing a comprehensive analysis of transformation 
strains in lattices incorporating twinning shears as well as 
various types of lattice transformations, provides the basic theory 
for all of these developments.
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Table 1. The Six Transformation Strains Considered.
Strain
1 ..... 7 ”...
A1.
, . ■ , 3
F1 .
3
P*~i
Single Twinning ti1.
j
«i S .
3
c.
JL
Single Transformation u1 .
j
F1 .
3
Single Martensite p \  sk .
k j
F1 .
3
c.^1
Double Twinning \ \  u ik - 2 k 1 j
S1.
3
c.
-1
Double Transformation U 1  p -l k F * p-k 1 3 2 3 ~1
Double Martensite
X Tc Q T}-l g  c* * F1. c.k 2 a i j 3 ~1
The form of the characteristic strain A1 . is given
3
for the six transformation strains considered in §3.
Also shown are degeneracies in the total shape deforma­
tion F1., which is an invariant plane strain* and the 
<3
second lattice basis p.. The symbols U1., S1. and P1.
3 3 3
represent unimodular matrices, shears and pure strains
respectively, subscripts 1 and 2 distinguishing first and
second deformations. The superscript T indicates that
. Tthis matrix is referred to the basis c..
-l
Table 2, The Coefficients A of Equation (5^ )*mn
A22 “ F_1 (Kij 4  l2 ] < * l V )2 ' F(Kijm2i V  U 2k “lk)2
A?l = 2F 1 (K„ 22a) (2j m2k) + 2F(K A nij. m^) (j,2 mlk)
A12 = 2F 1 K^ij A2 A2^ mlk tt2J^  ^1 m2m^
+ *2i *2j> (<TU W >
A 20 = F_1 (Kij V  A1J) ' F(KlJ B li V
A02 = F_1 (Kij ^  h 3) - F(KlJ “21 V  
A 11 = 2F_1 f Kij ^  *2 V  (h l “ 2*> + (Kij ‘l1 A2J) (C
- 2F Cik ^  V  W *  " J  + (KlJ “li V  (°k*
Aln = 2F""1 (K. . elk £.^  m,. ) + 2F(K^ c., £ k m. .) 10 i.i 1 lk ik l lj
A = 2F-1 (K.. clk Jt„A m„J + 2F(XC1'i c_.,_ & k nu.)01 Ij 2 2k X*. £.
Ann = F"1 (K. . c1* - 1) - F(K^ c. . - 1)00 lj lj
F, K.. and K1  ^are defined in equations (31) and (33). 
i«J
short note
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The Application of the Current Theories of Martensite Crystallography to the 
oc- to if-Transform ation in Crystalline Mercury
By
N .D .H . ROSS and J.S; ABELL1J 
A recent paper (1) has reported that the normal oc-phase of crystalline mercury 
undergoes a stress-induced transformation at low temperatures. Investigations of 
the characteristics of this transformation (1 to 3) have demonstrated its marten­
sitic nature and have shown that.it is not to be confused with the previously reported 
ot-3 -transition occurringin mercury at high pressures (4). The product of the new 
transformation is thus referred to as the -phase but unfortunately no direct ex­
perimental information is  yet available about its crystal structure. However,
Weaire (5), using the pseudo-potential theory of m etals, has proposed a possible 
product structure. This was used earlier (1) as data for the stereographic forms
(6) of the current theories of martensite crystallography in an endeavour to predict 
the experimentally observed {113}^habit plane and <^110  ^macroscopic shear di­
rection. However, this preliminary investigation was unsuccessful and it was con­
cluded that further experimental and theoretical work on this transformation was 
necessary. In particular, it was clear that a full determination of the crystal struc­
ture was very desirable but, in view of the technical difficulties involved in this 
task, it was decided to first perform further computations using the martensite 
crystallography theories in an attempt to establish or reject the structure pro­
posed by Weaire (5). These calculations have now been carried out using a com ­
puter programme of the Bullough and Bilby version of the theories (7) and the 
present communication reports on the results obtained.
The main crystallographic features given by the theory are the habit plane 
normal, the direction and magnitude of the macroscopic shape displacement and 
the orientation relationship between parent and product phases. To obtain these 
preditions one needs the lattice parameters of each phase together with the lattice
1) Now in Department of Physical Metallurgy and Science of M aterials, University of 
Birmingham.
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Fig. 1. Curves showing the variation of 
the Q-value, the sum of the squares of 
the principal distortions of the pure 
strain, with 0 , the rhombohedral angle 
of the proposed y-structure, for cor­
respondences C and C X &
~78 81 86 . 90 9i 98
d(deg) — -
correspondence and the necessary lattice invariant shear deformation. At present 
we still have no direct experimental information concerning the structure of the 
j*-phase nor the nature of the lattice invariant shear mechanism. Therefore, the 
suggestion by Weaire (5) that the phase, like the parent ot-phase, may have a 
face-centred rhombohedral cell but with.an axial angle of approximately 82° rather 
than 98° 22*, is again adopted. We now consider the most likely lattice correspon­
dences relating the two structures. These can be conveniently classified by means 
of the sums of the squares of the principal distortions of the pure strain associated  
with the correspondence (8). Clearly, the sm aller the value of this sum which is 
labelled Q the more likely is the correspondence to occur in practice. Consideration 
of the two structures (3) in this case, has suggested that the most promising cor­
respondences are both variants of the unit matrix, the first having diagonal elements 
(1, 1, 1), and the second (1, 1, 1). These correspondences will be denoted by C  ^
and C2 respectively. An examination of the Q-values, calculated by standard proce­
dures (9), for a varying product rhombohedral angle® for both C and C , yields the
X z
curves reproduced in Fig. 1. The profile, for C^, with a Q-value of 3 at ©= 98 221, 
the axial angle of the parent structure, is  as expected since for this correspondence 
the two structures are related by an extension along [ lll]^  and a uniform contraction 
in the (111L plane. Correspondence C0, which was not considered in the earlier
CL 2*
stereographic analysis (1), produces a more complex variation with a broad trough 
near 0= 87° and an associated Q-value of approximately 3.07. This compares with 
a typical value of 3 .15 for the Bain correspondence in stee ls . Thus it is seen that 
the Q-values for C are lower than those for C for product axial angles le ss  than
Z X
90 at which point the product becom es f. c. c . and the two correspondences are
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equivalent. Finally, a lattice invariant shear system  must be postulated which, 
when combined with the pure strain, provides for a m acroscopically undistorted 
interface which defines the habit plane of the transformation. The m ost likely 
system s were used in the earlier treatment (1) and are again considered here 
together with all their crystallographically distinct variants for each of the two 
correspondences.
The input data described above was used with each correspondence, to obtain
the four habit plane, normals, the two invariant lines and the two lattice invariant
oshear magnitudes for each shear mode and for values of 0  ranging from 78 to 98 . 
Acceptable predictions could then be considered as subsequent input to an auxiliary 
programme to determine the shape deformation parameters and orientation relation­
ship.
A survey of the computed results indicated that of all the predictions of possible 
habit planes, only one gave a pole near {113}^. Using C2 and a product axial angle 
0= 82°, the direction cosines of the predicted habit plane were found to be (0. 2670,
0. 8672, - 0 .3287)oCwhich is approximately 5° from {113^. It is interesting to note 
that the value of 0  used here corresponds to that suggested by Weaire for the pro­
duct structure. The associated lattice invariant shear system  is a variant of the 
observed type 11 deforiftation twinning mode (10) with and elem ents given by 
{ - l - 5 c ,  -1 -c , l-3c} ( l2 l) j .  where c = cos 82°. The magnitude of the shear involved 
is 0. 2239 which corresponds to nearly a quarter of the volume of the martensite 
plate being internally twinned. The relevant macroscopic shear direction calculated 
from the auxiliary programme was found, however, to be [0.4682, 0.1462, 0.7792^, 
which is over 34° from the observed (lOl)^ type direction. Although in some trans­
formations the direction of the macroscopic displacement can apparently vary con­
siderably between different plates possessing the same habit, no such variation  
has been observed experimentally for this transformation. Thus, although it pre­
dicts a satisfactory habit plane, this mechanism is again unacceptable. It should 
also be noted that the twinning direction of this twinning mode does not derive from 
a 2 -fold parent axis, which is inconsistent with the necessary condition for type 11 
twins to operate as the lattice invariant shear of the transformation (11). We are, 
therefore, forced to conclude that all predictions of the theories based on the pres-
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ent assumptions are inadequate.
The results discussed here represent a fairly exhaustive application of the 
current theories to this transformation. This treatment has been performed a s ­
suming a product crystal structure not verified by experiment and the failure of 
the application of the theories suggests most forcefully that this structure is in 
fact incorrect. Alternatively, like the deformation properties of mercury (10, 12), 
the transformation properties may also be anomalous. In this connection, the 
standard theories may be insufficient to account for this transformation and more 
general assumptions may be required on which to base the theories of martensite 
crystallography (13). If successful the X-ray diffraction experiments being con­
ducted at present, which are aimed at determining the actual structure of the 
y-phase, will certainly provide at least a partial solution to this problem.
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TYPE II TWINNING IN MARTENSITE CRYSTALLOGRAPHY THEORIES
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(Received October 16, 1968)
Historically, the basis of the whole subject of crystallography is that crystals are bound­
ed by facets defined by integral Miller indices. This also implies that the indices of the
1
directions in which these facets intersect are integers. However, by the end of the nine­
teenth century it was well known that planes and directions with irrational indices play a 
significant role in deformation processes in crystalline materials (1). In particular it had 
been established that deformation twinning could occur by shearing either in irrational direc­
tions or on irrational planes, and examples of these classes of twins, known as Type I and Type 
II respectively, had been observed in many minerals (1). Until some fifteen years ago, how­
ever, the only twins observed in metals were compound, having both the shear plane and shear 
direction rational (2). Then, in an investigation of the deformation modes of alpha-uranium, 
Cahn (3) reported Type II twins on a composition plane near {172} and Type I twins on {112} 
planes, but the predominant twinning mode was again conpound. Later Type II twins on planes 
near {176} were observed (4) in this same metal and recently it has been shown (5) that the _ 
profuse twinning which occurs in crystalline mercury is-of Type II, the composition plane being 
near {135}. Thus, deformation twins with irrational twinning elements do occur in metals but 
it is to be noted that of these, Type II twins with irrational shear planes but rational shear 
directions predominate. This may be due to the structure of these irrational boundaries 
which, as discussed by Guyoncourt and Crocker (5) for the case of mercury, contain intrinsic 
twinning dislocations of a particularly simple form.
Irrational interfaces are also a feature of martensite transformations (6). The crystal- 
lographic theories of these phase changes were also developed about fifteen years ago and in­
corporate a lattice invariant shear which may be twinning or slip. For the case of twinned 
martensite plates, which in practice are more common, it is normally assumed (6) that the two 
twin-related orientations arise from the parent crystal by means of crystallographically 
equivalent correspondences. This gives rise to restrictions on the possible twinning modes 
and, in particular, it is well-established that for Type I twins the rational twinning plane 
in the product structure must arise from a mirror plane in the parent (7). It has also been 
Stated that a similar proof can be developed for Type II twins (7). However, such a proof 
never appears to have been published and this partly explains why most applications of the 
martensite crystallography theories assume operative twinning modes to be compound or Type I. 
This assumption was questioned recently by Otte (8) who stated that dislocations having Burg­
ers vectors in irrational directions have neither been observed nor postulated to be involved 
in any physical process. Hence he suggested that it was probably unrealistic to consider
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martensite plates to be twinned by means of Type I modes. However, Type II modes were deemed
to be acceptable as the associated twinning dislocations then have Burgers vectors in rational
directionsj although their magnitudes are of course still irr,ational. In particular, Otte ob­
tained (8) new predictions using a Type II mode for the well-known transformation in a gold- 
cadmium alloy and compared these with earlier well-established results (9, 10) based on a 
Type I mode. He concluded that further experimental work on this transformation was de­
sirable.
Although not agreeing entirely with Otte*s statement about irrational Burgers vectors it 
is certainly true, as indicated above, that Type II deformation twins tend to predominate over 
Type I twins. We have therefore formally considered the crystallographic restrictions imposed 
by Type II twinning on the martensite theories and subsequently extended a recent application of 
these theories (11) to a transformation in uranium alloys to include the possibility of Type II 
twins. The present note describes this work and also includes some discussion of other shear 
processes which involve irrational shear elements.
A detailed algebraic proof that, if two twin components in a martensite plate arise from
crystallographically equivalent correspondences then, for Type I twinning, the twin boundary 
must be associated with a mirror plane in the parent lattice was given by Mackenzie and 
Bowles (7). A geometric proof of this result has also been given by Christian (6). These 
proofs may be repeated almost step by step for the case of Type II twinning. However, a more 
elegant analysis, covering both Type I and Type II twinning, is given in the Appendix to this 
note, where it is demonstrated that for Type II twins the rational twinning direction must 
arise from a two-fold axis in the parent. This result is perhaps to be expected but to our 
knowledge has not previously been proved or stated explicitly.
As an example of the application of this restriction, we shall now consider the pos­
sibility of Type II twinning being the lattice invariant shear in the y to a martensitic 
transformation in uranium alloys. The most complete experimental investigation of the 
crystallography of this transformation is that by May (12), using an U-5 at. % Mo alloy. 
Following detailed examination of transmission electron micrographs and diffraction patterns 
May deduced the presence of {130}, (021), {112} and {111} twins in the martensitic product. 
However, the present authors (11) have recently shown that when used as data for the martensite 
crystallography theories both the {130} and {021} lattice invariant shears produce imaginary 
solutions. Further experimental and theoretical work on this transformation is thus de­
sirable and, as two of the observed deformation twinning planes in a-uranium are irrational 
(3, 4) it seems particularly appropriate to investigate theoretically the possible Type II 
modes.
As stated above, the twinning directions of these modes are expected to arise from two­
fold rotation axes of the parent structure. In the case of the b.c.c. parent y-uranium 
structure there are nine such directions [jl^ J belonging to the forms <100>^ and <110>^,. The 
corresponding twinning directions [jzJ  in the base centred orthorhombic a-phase can then be ob­
tained from the matrix equation
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[£'■] = ( C ) [A ] ,L aJ a y ■ y
where the correspondence (QCy) is given (11) by
( C ) » t -/3 3 2\
a y 4 / \
I 11  2 ]
\2 2 0J .
TABLE 1
The Possible Type II Twinning Systems for the y - a Uranium 
Transformation.
w (m )Y
(m ) 
' a
i.
X
' m.
l
M,L
1 100 312
0
+0.430
-0.903
+0.144 
-0.954 
-0.261 .
+0.707
-0.637
-0.307
+0.304
+0.666
-0.682
2 010 312 =1 - - -
3 001 110 110 110
0
+0.434
-0.901
0
-0.901
-0.434
L
4 110 310 001 130
0
-0.901
-0.434
0
+0.434
-0.901
M
5 101 512
-0.653
-0.358
-0.653
+0.125
-0.726
+0.677
+0.500
-0.144
-0.854
-0.734
+0.454
-0.506
6 Oil 512 =5 ■ : - - -
7 110 001 -•• - - -
8 101 132
-0.459
+0.761
+0.459
-0.937
+O.087
-0.338
+0.500
-0.757
+0.420
+0.214
+0.578
+0.788
9 Oil 132 =3 - - - -
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The directions (jl ] and [JL'J are summarised in Table 1, where it is seen that directions 2, 6 
and 9 are crystallographically equivalent to directions 1, 5 and 8 respectively and need not 
be considered further. Again, as the iQOlJ^ direction is a two-fold rotation axis it cannot 
operate as a twinning direction, so that direction 7 can be eliminated. The remaining five
directions <312>, <110>, <310>, <512> and <132> will now be considered as possible transforma­
tion twinning directions. These are all crystallographically possible deformation twinning 
directions of ot-uranium (13) although in practice <110> and <132> have not been observed.
The effective conjugate twinning planes associated with these directions may now be obtained 
from the fact that they are derived from the mirror planes normal to the directions [& ].
Hence the transformation twinning planes (m^) and the parent planes (m^) from which they are 
derived can be obtained using standard crystallographic formulae (14). These planes are 
given in Table 1, the twinning planes being in fact the well-known deformation twinning planes
(13) associated with the twinning directions ] . Note that twinning planes 1, 5 and 8 are 
irrational indicating that the associated modes are of Type II. The remaining two modes, 3 
and 4, are compound, the twinning planes being rational.
The theories of martensite crystallography now place restrictions (6, 11) on both the 
twinning planes and twinning directions. They are the conditions for real roots of two 
quadratic equations which, if violated, imply imaginary solutions for the martensite habit 
plane. They involve the principal strains 0.011, 0.092 and -0.097 of the correspondence (11) 
and may be quoted in their most convenient form when the components of the twinning direction 
and plane are given relative to the principal axes of the pure strains. These components, 
represented by JL and nu respectively, are also given in Table 1. The results of sub­
stituting these values in the restrictions, which may be referred to elsewhere (11), are given 
in the final column of Table 1, the symbols M and L indicating that the twinning elements 
violate the restrictions on the shear plane and shear direction respectively. Thus, twinning
in the <110> and <310> directions are not possible lattice invariant shear mechanisms, 
a a r
These two directions are in fact associated with compound twinning planes so that they were
considered in our earlier analysis (11) based on Type I twinning. The significant new re­
sult here is that the other three twinning mechanisms all with irrational twinning planes 
near {172}, {176} and {11, 1, 4} do produce real solutions. None of these modes were re­
ported by May (12) but he did obtain evidence for twinning on the Type I conjugates of all
three of these Type II modes. Indeed it appears that When interpreting his diffraction 
patterns he only considered the possibility of Type I twinning and this is also true of an 
earlier analysis by Hatt (15). However, as we have now shown that Type II twinning may play 
a significant role in this transformation, some further experimental work to investigate the 
possible presence of these twins seems particularly desirable. In addition, further 
quantitative crystallographic information on the morphology of the product phase would be very 
welcome and make a more detailed complete application of the martensite crystallography 
theories worthwhile. Further applications of the theory to transformations in other 
materials are also envisaged and may resolve some of the existing discrepancies between ob­
served and predicted features.
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We have here concentrated our attention on shear systems involving irrational shear planes 
but rational shear directions, these being consistent with OtteVs hypothesis (8) about the im­
portance of rational Burgers vectors. Nevertheless, we would like to emphasise that we con­
sider irrational shear directions to be perfectly consistent with dislocation mechanisms.
Thus, as mentioned earlier, the case of Type I twinning is well-known (3) and, recently, work 
on double twinning in magnesium (16, 17) has led to a new analysis of twinning (18), which in­
corporates modes in which both the shear plane and the shear direction may be irrational. Again, 
the Burgers vectors of partial dislocations in crystals of low symmetry are in general irrational, 
as a recent detailed study of dislocation dissociations in crystalline mercury has demonstrated 
(19). These imperfect dislocations are of course associated with a region of defective 
crystal, in this case a stacking fault, and this is also true of dislocations involved in
transformation mechanisms. For example, a dislocation situated in the interface between a
parent and a product phase need not have its shear plane and direction governed directly by 
either crystal structure. Thus, if given relative to one of these structures, both shear 
elements may well be irrational. Hence, in conclusion we would like to stress the importance 
of both irrational planes and irrational directions in physical processes. This is particular­
ly true in crystalline materials of low symmetry, where the crystallographic degeneracies associ­
ated with cubic metals are not operative.
Appendix
The restrictions on the twinning elements arising from the use of two crystallographically
equivalent correspondences may be deduced as follows. Consider two parent bases c. and c„ re-
'*'1 '*'2
lated by £2 = Sc^, where the matrix S represents a synmetry operation of the parent lattice.
As a result of the lattice deformation D, associated with the correspondences, these bases be­
come the product bases p^ “ -Dc^ and j>2 “ D££ respectively. If the cells defined by and p2 
are to be twin related, then £ 2 Rp^ where for Type II and Type I twins R may be considered to 
be a rotation of it about the twinning direction or a reflection in the twinning plane respective­
ly. In either c a seR2 = I, the unit matrix. Combining these equations we obtain D_1RD = S, 
the left hand side being a similarity transformation representing the form R, which R takes in
the parent. Thus we have R2 = I so that in Type II twinning the twinning direction must de­
rive from a two-fold axis or, in degenerate cases, from a four-fold or a six-fold axis.
Similarly in Type I twinning the composition plane mtist derive from a mirror plane. By con­
sidering Type I and Type II twins which are conjugate to each other, it now follows that the 
conjugate twinning direction for Type I twins derives from the two-fold axis normal to the 
mirror plane which becomes the composition plane. Similarly for Type II twins the conjugate 
twinning plane derives from the mirror plane normal to the two-fold axis which becomes the 
twinning direction.
Finally, by letting Rn * I, the present analysis may be readily extended to incorporate 
n-fold rotation twins, where n = 3, 4 and 6, which cannot be produced mechanically but are ob­
served as growth twins in minerals (1). As the transformation twins being considered here are 
essentially growth twins, these twins could in principle occur in martensite plates and the 
above analysis indicates that the product, twin axes must derive from parent three-, four-, and
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six-fold axes respectively. However, the martensite plates would then consist of a stack of 
twin related prisms rather than the conventional twin related lamellae. The implications of 
such a possibility are at present being investigated.
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A GENERALIZED THEORY OF MARTENSITE CRYSTALLOGRAPHY AND 
ITS APPLICATION TO TRANSFORMATIONS IN STEELS*
N . D . H . R O S S t  and A . G . C R O C K E R f
I n  view  of recen t experim ental observations o f m artensitic  s tru c tu res exh ib iting  tw o independent 
tran sfo rm atio n  shears, a  new  th eo ry  of m arten s ite  c rystallography  h as been developed w hich enables 
th e  featu res o f transfo rm ations involving m echanism s of th is  k ind  to  be p redic ted . L ike earlier t r e a t ­
m ents, th e  generalized th eo ry  is based  on an  in v arian t p lane s tra in  criterion, th e  to ta l  shape deform ation 
being resolved in to  a  la ttice  deform ation  an d  tw o independent la ttice  in v arian t shears. T he new  th eo ry  
is first described in  term s o f geom etrical m odels followed b y  a  form al algebraic version, an d  th en  used  to  
investigate  th e  effects on pred ictions o f th e  crystallographic features o f th e  m artensite  reac tio n  in  steels 
o f various double shear m echanism s. Some general featu res o f th e  results, such as th e  effect o f reversing 
th e  order o f th e  tw o shears an d  th e  influence o f algebraic restric tions are  first exam ined. M echanism s 
giving rise to  p redictions of practica l in te res t are  th en  discussed. In  p a rticu la r, tw o m echanism s giving 
h a b it p lanes n ea r {225}y an d  o th er crystallographic features consistent w ith  experim ental resu lts  are 
analysed in  deta il. These involve sm all la ttice  in v arian t shears on th e  (0 1 1 )[lll]a  an d  (1 1 2 )[lll)a  
system s preceding th e  observed (112)[lTl]a tw inn ing  shear. F inally , th e  re la tion  o f th e  new  th eo ry  to  
o th er theories, p a rticu la rly  those  a tte m p tin g  to  describe th e  (225}y tran sfo rm atio n  in  steels, is discussed, 
special m en tion  being m ade o f a n  equ iva len t th eo ry  developed concurren tly  b y  A cton a n d  Bevis.
T H E O R IE  G E N E R A L IS E E  D E  LA  C R IST A L L O G R A PH IE  D E  LA  M A R TE N SITE .
A P PL IC A T IO N  A U X  T R A N SFO R M A TIO N S DA N S L E S  A C IE R S
E ta n t  donnees les observations experim entales recentes effectuees su r les s tru c tu res  m artensitiques 
p re sen tan t deux  cisaillem ents independants, une nouvelle theorie  cristallographique de la  m arten s ite  a  
e te  constru ite  p e rm e tta n t de p revoir les caracteristiques des transfo rm ations en  supposan t des m ecan- 
ism es de ce tte  sorte. Comme les theories precedentes, la  theorie  generalisee est basee su r u n  critere  de 
deform ation  p lane invarian te , la  deform ation  to ta le  e ta n t  ram enee a  une deform ation  du  reseau e t a  
deux  cisaillem ents in v arian ts  independants. Les au teu rs  decriven t d ’abord  la  nouvelle theorie  a  l ’aide 
de m odeles geom etriques, suivis d ’une theorie  algebrique explicite q u ’ils u tilisen t ensuite  p our prevoir 
les caracteristiques cristallographiques de la  reac tion  m artensitique  dans les aciers avec differents 
m ecanism es a  double cisaillem ent. C ertains caracteres generaux des resu lta ts, te ls que l ’effet p ro d u it 
p a r  l ’inversion de l ’ordre des deux cisaillem ents e t l ’influenee de certaines lim ita tions algebriques so n t 
e tud ies d ’abord , e t  les m ecanism es d o n n an t naissance a  des previsions d ’in te re t p ra tiq u e  so n t d iscutes 
ensuite . E n  particu lier, deux m ecanism es d o n n an t des p lans d ’accolem ent voisins de {225}y ainsi que 
d ’au tres  caracteristiques cristallographiques com patibles avec les re su lta ts  experim entaux  so n t analyses 
en details. Ceux-ci com prennent des p e tits  cisaillem ents inv arian ts  du  reseau su r les system es (011 )[11 l]a  
e t (T l2)[lT l]« p recedan t le cisaillem ent de m a d e  (1 1 2 )[ lll]a qui a  e te  observe. F inalem ent, les au teu rs  
e tu d ien t la  re la tion  en tre  la  nouvelle theorie  e t  les au tres, en p a rticu lier celles qui essaient de decrire la  
tran sfo rm atio n  (225}y dans les aciers, une m ention  speciale e ta n t fa ite  p our une theorie equ ivalen te  
developpee sim ultanem en t p a r  A cton e t Bevis.
E IN E  V E R A L L G E M E IN E R T E  T H E O R IE  D E R  M A R T E N S IT -K R IST A L L O G R A P H IE  
TJND IH R E  A N W E N D U N G  ATJF U M W A N D LU N G EN  IN  ST A H L E N
Im  H inb lick  a u f  neuere experim entelle  B eobachtungen von  M arten sits tru k tu ren  m it zwei unabhang- 
igen U m w andlungs-Scherungen w urde eine neue Theorie der M artensit-K ristallographie  en tw ickelt, die 
es e rlau b t, charak teristische E igenschaften  von  U m w andlungen, bie denen M echanism en dieser A rt 
a u ftre ten , vorherzusagen. W ie fruhere  B ehandlungen b e ru h t die verallgem einerte Theorie a u f  dem  
K rite riu m  in v arian te r ebener A bgleitung; die gesam te G esta ltsanderung  w ird in  eine G itterverform ung 
u n d  zwei unabhangige, g itte rin v arian te  Scherungen aufgeteilt. Die neue Theorie w ird zuerst a n  H an d  
geom etrischer Modelle beschrieben, d an n  w ird  eine algebraische Version gegeben u n d  schliefieich w ird  
sie angew andt, um  Einfliisse a u f  V orhersagen kristallographischer E igenschaften  m artensitischer 
R eak tio n en  in  S tah len  m it verschiedenen M echanism en der D oppelscherung zu  un tersuchen . Z uerst 
w erden einige allgem eine Ziige der Ergebnisse, wie die A usw irkung der U m kehr der O rdnung der beiden 
Scherungen u n d  der EinfluB algebraischer E inschrankungen , b e tra ch te t. M echanism en, die V orher­
sagen von  prak tischem  In teresse  erlauben, w erden d isku tie rt. Insbesondere w erden zwei M echanism en, 
die H abitusebenen  nahe {225}y u n d  andere m it experim entellen E rgebnissen  konsisten te  E igenschaften  
ergeben, genau analysiert. H ierin  eingeschlossen sind  kleine g itte rin v a rian te  Scherungen a u f  den  
(0 1 1 )[lll]a - un d  (112)[lT l]a-System en, die der beobach te ten  (112)[lll]a-Z w iillingsscherung vorausgehen. 
Schliefilich w ird  die neue Theorie m it anderen  Theorien, besonders solchen, die die {225}y-Umwandlung 
in  S tah len  zu  beschreiben versuchen, verglichen; besonders w ird  eine gegenw artig  von  A cton  u n d  
Bevis entw ickelte, aqu ivalen te  Theorie erw ahnt.
1. IN T R O D U C T IO N
I t  is now some fifteen years since the phenomeno­
logical theories of martensite crystallography of 
Wechsler, Lieberman and Read(1) (WLR) and Bowles 
and MacKenzie(2,3) (BM) were introduced. These 
theories, together with the more recent equivalent
* Received 10 Ju ly , 1969.
f  D ep artm en t o f Physics, U n iversity  o f Surrey, E ngland . 
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surface dislocation treatm ent of Bullough and 
Bilby(4) have been reviewed by Christian(5) and 
W ayman(6) and shown to be essentially equivalent. 
They are based on the assumption th a t the shape 
deformation associated with the phase transformation 
is an invariant plane strain so th a t one plane is left 
undistorted and unrotated by the shape deformation. 
This implies th a t the lattice deformation which
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together with any necessary atomic shuffling converts 
one structure into the other, is accompanied by a 
second deformation which leaves the lattice in which 
it occurs unchanged. This lattice invariant deforma­
tion is usually assumed to be either slip or twinning 
although faulted product structures are also possible.(5)
These theories have been successful in accounting 
for the crystallographic characteristics of many 
transformations,(5) especially those in which the 
interface extends across a single crystal. However, 
other transformations cannot be explained by the 
basic theory so th a t various means of introducing 
some additional flexibility have been investigated.(5) 
Indeed, the original BM theory*2,3) includes a param ­
eter enabling a uniform dilatation to be introduced 
into the interface, and the incorporation of this feature 
into the other theories involves only a trivial piece of 
algebra. In  practice, for many transformations the 
best correlation between predictions and experi­
mental results appears to be obtained when small 
uniform dilatations are adopted.(5) However, in order 
to predict the habit planes of some of the observed 
martensite plates in steels, a large dilatation of the 
order of 1 |%  must be invoked. Beasons have been 
forwarded to suggest th a t uniform interfacial dilata­
tions are energetically favourable(7) and anisotropic 
distortions of the interface have also been discussed(5,6) 
but no general theories formulated. Intuitively, 
however, large dilatations are most unattractive and 
results of recent experimental work indicate th a t this 
type of interfacial distortion is in fact absent from 
transformations in steels.*8) In  addition, the standard 
theories are incapable of explaining the full crystal­
lography of these and other martensitic transform- 
ations*8-11) and it now appears th a t a more realistic 
way of generalizing the theories is to introduce more 
flexibility into the lattice invariant shear mechanisms. 
In  particular, there is an increasing amount of 
evidence to  suggest th a t two or more independent 
lattice invariant shears occur in some transform­
ations.<10,11) Previous applications of the basic theories 
have indeed considered the possibility of two lattice 
invariant shears occurring simultaneously,*12,13) but in 
these cases the combined effect of the two shears has 
been restricted to be equivalent to a simple shear,(12) 
possibly combined with a rotation.(13) This restriction 
has no physical basis and was introduced simply in 
order to avoid major modifications to the basic algebra 
of the theories. However, the recent experimental 
work*8-11) has demonstrated th a t a genuine reformul­
ation of the theories is now necessary so th a t the 
effects on the macroscopic crystallographic features
arising from the simultaneous occurrence of two un­
related lattice invariant shears can be investigated.
Thus, in this paper we present a generalized theory 
of martensite crystallography based on an invariant 
plane strain hypothesis, incorporating two unrestricted 
lattice invariant shears and applicable to transforma­
tions between lattices of any symmetry. As an 
example of the application of this theory the crystal­
lography of the martensite reaction in steels is 
considered. Finally the present theory is critically 
discussed and compared with other recent theories. 
In  particular its relationship to an equivalent theory 
developed concurrently by Acton and Bevis*14) is 
examined in detail.
2. T H E  G E N E R A L IZ E D  T H E O R Y
2.1 Geometrical considerations
The established theories of martensite crystal­
lography*5, 6) formally resolve the total shape deforma­
tion into a pure strain which converts the parent into 
the product lattice, a lattice invariant shear which 
produces two undistorted planes, and a rotation which 
ensures th a t the interface remains truly invariant. A 
graphic understanding of these theories may be 
obtained by considering the geometry of these 
operations*15,16* and this can be readily extended to 
include the double shear mechanism involved in the 
present theory.
Thus, as in the standard theories, we consider the 
Bain cone which defines the initial position of lines 
left unchanged in length by the pure strain.(5,6) I t  is 
shown in Fig. 1(a) intersected by the pair of un­
distorted planes, denoted by P  and Q, which result 
from the single lattice invariant shear of the standard 
theories. These planes cut the Bain cone in four lines 
th a t are left undistorted as a result of the total shape 
deformation. In  the case of the generalized theory the 
effect of two lattice invariant shears is to produce not a 
pair of undistorted planes, but a double shear cone. 
This defines the final positions of undistorted lines 
lying a t the intersection of a unit sphere and the 
ellipsoid into which this sphere is transformed by the 
double shear. The undistorted lines of the trans­
formation are now the lines of intersection of the Bain 
cone and the double shear cone and Fig. 1 shows three 
distinct configurations which can arise. I t  is seen that, 
depending on the geometry, four, two and no un­
distorted lines are possible and clearly, degenerate 
cases in which the cones touch rather than intersect, 
would produce three lines or one. Finally, it is 
necessary to  choose a pair of shear magnitudes which 
leave the angle between two of the undistorted lines
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//
V  (b) 
0
F i g . 1 . Schem atic illu stra tions o f th e  location  o f und is­
to rte d  lines, show n bold, fo r various cases. The B ain  
cone, labelled B  an d  w ith  v e rtex  a t  0 ,  is given in  each 
diagram . I n  (a) i t  is in te rsected  in  four un d isto rted  lines 
b y  th e  in v arian t p lane P  an d  th e  second un d isto rted  
p lane Q o f th e  single la ttice  in v arian t shear o f th e  stan d ard  
theo ry . The rem aining d iagram s show some corresponding 
situations for th ree  cases o f th e  generalized theo ry , in  
w hich th e  shear p lane is replaced b y  a  double shear cone, 
labelled D . T he tw o cones do n o t in te rsect in  (b) b u t  in  
(c) an d  (d) th e y  do, giving rise to  tw o an d  four un d isto rted  
lines respectively.
invariant. This choice of shear magnitudes could in 
principle to made geometrically or stereographically 
but we shall here concentrate on a more convenient 
algebraic treatm ent which is developed in the next 
section.
2.2 Algebraic development
The shape deformation of the established theories 
of martensite crystallography and the rotation, pure 
strain and lattice invariant shear into which it  is 
formally resolved can be conveniently represented by 
the 3 x 3  matrices F, R, P and S respectively,(4) so 
th a t F =  RPS. In  the present generalization of the 
theories the shear S is replaced by a pair of shears Sx 
and S2 so th a t the basic equation of the analysis 
becomes
F =  RPS2S1 (1)
The elements of the two shear matrices are here given 
by the general relation S i} =  di3- -+- glpn^ where diX is 
the Kronecker delta and the shear of magnitude g 
occurs on the plane of unit normal mi in the unit shear 
direction l{. Also we choose as basis the principal axes 
of P so th a t P is diagonal with elements r}{ {i =  1,2, 3). 
In  order th a t a macroscopically undistorted plane
can exist the total shape deformation has to have one 
of its principal elongations equal to unity. Alge­
braically, this can be expressed by the determinantal 
equation
|FrF -  I| =  0 (2)
where T  denotes transposition and I  is the unit 
matrix. On substituting from (1) we obtain the 
following quadratic equation for the magnitude gx of 
the first shear.
(3)
where
A  =  Qn ~\~ $3i2 Q33Q11
B  =  Qiz "f- Q23Q3I $12^33
G =  $ n  +  $22 +  $33 +  $ 122 -f- $ 232 +  $ 312
$11$22 $22$33 Q33Q1I H- J7l2??22%2 ^
Here, the Qtj are elements of the symmetric matrix Q 
given by Q =  S2*2TP*2’P*S2* where P* and S2* are the 
forms adopted by P and S2 when related by similarity 
transformation to the orthonormal basis defined by 
the vectors l1, m1 and l1 X m1, the superscripts 
referring to the first shear.
Thus, when the pure strain and lattice invariant 
shear systems are fixed, subject to (3) having real 
roots, we obtain two values of gx for any given value 
of g2. By comparison, the standard theories result in 
only two possible values for the single shear magni­
tude g. Thus, as expected, by introducing a second 
lattice invariant shear into the theory an extra degree 
of flexibility is obtained.
Having determined appropriate pairs of lattice 
invariant shear magnitudes, we proceed to obtain the 
habit plane by formulating an algebraic version of the 
geometrical description of the theory given in Section 
2.1. Thus, we consider a unit vector u inscribed in the 
parent and the corresponding vector v =  828211 
resulting from it due to the composite deformation 
SaSj. Equating the lengths of these two vectors we 
obtain the equation of the double-shear cone,
v T(I -  W)v =  0 (4 )
where the elements of the symmetric m atrix W are 
given by
= da ~ Qzi12™ 2 + h2mi2) ~ Qiik^ h1 + V O  
+ 0i<72([m; V W wi2 + hlmi2} +
X {m^m/ +  m/m*2}) — J7i£72[mA 2J 
X (2g2[lj1lj2]mi2mj2 +  ^ { m /m / +  m/m*2})
+ 0i2022[mA 2]mi2wA 
repeated suffices indicating summation.
A g*  +  2Bgi +  C =  0
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Similarly the equation of the Bain cone is obtained 
by equating the lengths of the vectors v and Pv to give
vr(I -  $ v =  0 (5)
and finally the condition th a t v is a unit vector
provides the equation
vrv =  1 (6)
Any vector v satisfying equations (4), (5) and (6) is 
an undistorted line of the deformation PS^. In  
general, four solutions for v exist for each pair of shear 
magnitudes gx and g2- Derivation of these involves the 
solution of a quartic equation which can be con­
veniently carried out using a Newton-Bairstow or 
similar numerical procedure.(17) The corresponding 
parent vectors are then given by u =  S1-1S2_1v and 
possible undistorted planes must contain two of the 
four vectors U. However, of the six possible combina­
tions of pairs of vectors only two are associated with 
an invariant included angle and these correspond with 
the two undistorted planes of the total shape deforma­
tion and hence the possible habit planes. Thus, if two 
undistorted lines Ux and U2, which are derived from V x 
and V 2 respectively, are to define a habit plane of unit 
normal v they must satisfy the relation Uj^Ug =  
V 12'P2V 2 . Of course, in general for a given value of g2 
we obtain two values of gx from equation (3), and each 
of these provides two possible habit planes. Thus, as in 
the standard single shear theory, we obtain in general 
four habit planes from each set of data. However, in 
the present double shear theory we have the flexibility 
of being able to vary g2 and hence the predicted habit 
planes.
The total shape deformation F of the transformation 
can now be obtained as follows. I f  the displacement 
a t unit distance from the interface v is ^d, where d is a 
unit vector, the elements F tj of F are given by
Fu = + V&ivi (V
where di and v{ are the components of d and v respec­
tively. Thus, the determinant of F, which defines the 
ratio of the volumes of the product and parent 
structures, is given by 1 +  However, since
R, Sx and S2 are unimodular the determinants of F 
and P are equal and thus
= ViViVa ~ 1 (8)
We now consider the matrix Z =  F2’F which does not
contain R and is thus known explicitly. From (7) the 
trace T  of Z is [jp -f- 2[idivi +  3 and thus using (8)
ju2 =  T  — 217^3 ■— 1 (9)
Hence we obtain
d* = ( z«a-  ~  iX2/^)-1 (10)
no summation being implied by the repeated Greek 
suffix.
Subsequently, on substituting for [i and da from (9) 
and (10) into (7) we have F while the matrix D == RP, 
giving the lattice deformation which is required in 
order to define the orientation relationship, is given by
D =  FS1- 1S2-1 (11)
3. T R A N S F O R M A T IO N S  IN  ST E E L S
3.1 Introduction
We shall here use the generalized theory of m arten­
site crystallography developed in Section 2, to 
investigate the effects of various double shear 
mechanisms on predictions of the crystallographic 
features of the martensite reaction in steels. In  part, 
we shall treat this application as an illustrative 
example of the use of the theory in practice, but we 
shall also be particularly interested in predicting the 
crystallographic characteristics of transformations 
with habit planes near the {225}y plane of the parent 
austenite phase. These transformations have been 
the subject of a great deal of controversy in recent 
years,(5’8,9’13,14,18_24) much of this being concerned with 
the introduction of a large dilatation of the interface 
of the order of 1 | %. For many years this appeared to 
be the only way of obtaining satisfactory predictions 
from the standard theories of martensite crystal­
lography. However, this assumption seems unreal 
and recently its validity has been investigated in detail 
by both Dunne and Bowles(8) and Morton and 
W ayman.(9) The first significant conclusion reached 
was th a t the observed orientation relationship and 
macroscopic distortion cannot be accounted for 
simultaneously by assuming a uniform interfacial 
dilatation.(8,9> In  addition anisotropic interfacial 
distortions seem inconsistent with interferometric 
measurements.(9) Finally, and most directly it now 
appears th a t the shape deformation associated with 
certain {225}y habits cannot be distinguished from a 
truly invariant plane strain involving no dilatation.(8)
Parallel experiments on the nature of the micro- 
structure of {225}y plates have indicated th a t they are 
twinned on the same variant of the {H2}a product 
martensite plane as the {3, 10, 15}y martensite plates 
which are explained satisfactorily by the standard 
theories.(9) However, there is an increasing amount of 
evidence to suggest th a t a second lattice invariant 
shear is present in martensite plates(23 ■25 > and 
particularly those with (225}y(9) habits. The exact
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nature of this additional shear has yet to be elucidated 
but these observations suggest th a t the martensite 
reaction in steels provides an ideal case for this initial 
application of the generalized theory. The basic 
lattice invariant shear adopted here is thus the well- 
established twinning of the product phase and
we shall combine with this various supplementary slip 
or twinning shears of either the product martensite or 
the parent austenite. As the magnitude of the shear on 
this second system changes from zero, the predicted 
crystallographic features of the transformation are 
expected to depart from the well-known results 
associated with the {3, 10, 15}y habit plane and we 
shall be particularly interested in deviations which 
produce habits lying near the neighbouring {225}y 
plane.
We use the variant of the Bain correspondence 
adopted in previous papers(9,12'13) and the lattice 
parameters of the alloy investigated by Greninger and 
Troiano.(26) The basic {112}a twinning shear may 
either precede or follow the auxiliary shear, but in 
both cases it is derived, using the Bain correspond­
ence, from a {101}y plane of the parent. The supple­
mentary shear systems which have been considered 
are all the possible variants of (110} ( l l l ) a, {112} ( l l l ) a 
and {123}(lll)a of the product phase and {lll}(110)y 
of the parent. These include all the well-established 
slip systems and the {112} ( l l l ) a shears may also be 
considered to be secondary transformation twinning. 
Some of the resulting double shear systems are 
equivalent to a single shear and have therefore been 
considered previously.(12) However, the majority of 
the shear combinations do not have this property and 
can therefore only be investigated using the general­
ized analysis of Section 2. Computer programmes of 
this analysis have therefore been prepared and the 
above mechanisms used as initial data to obtain habit 
plane predictions. As the twinning shear is uni­
directional and a martensite plate cannot be more 
than totally twinned the lattice invariant shears 
corresponding to twinning were in general restricted 
to be positive and less than the twinning shear of 0.614. 
In  addition, slip shears were normally restricted to 
have magnitudes less than unity in order to ensure 
reasonable interfacial dislocation densities. The 
magnitude of the specified shear was in general varied 
by increments of 0.05 until its limiting value, or th a t of 
the calculated shear, was reached. However, smaller 
increments were adopted in cases of particular 
interest. Those mechanisms which predicted th a t the 
habit plane varied from (3 ,1 0 ,15}y to the neighbouring 
(225}y as the magnitude of the additional shear devi­
ated from zero were then investigated further using an
auxiliary programme which calculates the magnitude 
and direction of the shape deformation and the orient­
ation relationship. The results obtained using these 
programmes are presented and discussed in Sections
3.2 and 3.3 respectively.
3.2 Results
A survey of the results obtained from the general­
ized theory, demonstrated th a t virtually any habit 
plane could be predicted to within experimental error. 
Indeed, a wide range of solutions is obtained from a 
single double-shear mechanism. For example in Fig. 
2(a) we illustrate on a standard 010 austenite stereo­
gram the way in which the four habit plane solutions 
vary, in a particularly simple but striking manner for 
the mechanism in which (110) [ l l l ] a slip succeeds the 
primary (112)[lll]a twinning. In  this case the 
magnitude of the slip shear was varied between +  oo 
and — oo. The habit planes for these limiting values 
converge towards the associated shear plane which, 
using the correspondence is in this case (010)y. Thus, 
the habit plane solutions lie on four distinct loci 
meeting a t the 010 pole of the stereogram. Note the 
symmetry of these curves and the fact th a t they are 
continuous, demonstrating th a t for this particular 
system the conditions for real solutions are nowhere 
violated. For most of the other systems examined, 
the corresponding loci become segmented and even 
degenerate into only two curves for restricted ranges 
of the slip shear.
A few habit planes of particular interest are 
indicated specifically in Fig. 2(a). Thus the four well- 
established {3, 10, 15}y predictions, corresponding to 
zero slip shears are shown. Two of these habit planes 
are associated with a smaller fraction of the resulting 
martensite plate being twinned than is the case for the 
remaining two. I t  is these low shear habits which 
define the mechanism which is operative in practice. 
The habit planes with slip shears of magnitude ±0.1  
are also shown, giving an indication of the rate a t 
which the predictions vary. Also of interest are the 
degenerate solutions corresponding to zero twinning 
shears although these results have been obtained 
previously using the standard theory and do not give 
satisfactory agreement with experimental results.<5) 
Finally, it is interesting to note th a t the two crystal­
lographically distinct branches of the curves in Fig. 
2(a) both pass within a few degrees of the observed 
{225}y habit plane. However, the crystallographic 
variants involved are not linked directly to neighbour­
ing {3, 10, 15}y poles and these particular results seem 
to have little physical significance.
The way in which reversing the order of the two
410 A CTA  M E T A L L U R G I C A ,  VOL .  18, 1970
010. 100,
on
001
F i g . 2 ( a )
lattice invariant shears influences the predictions of 
the generalized theory, is demonstrated by Fig. 2(b). 
This shows the habit planes corresponding to the same 
mechanism as th a t which gives rise to Fig. 2(a), 
except th a t the {110}a slip shear now precedes {112}a 
twinning. The habit plane loci are again particularly 
simple with a centre of symmetry about the 010 pole 
of the stereogram. They consist, principally, of three 
separate curves. One of these is continuous and passes 
through the two high-shear (3, 10, 15}y predictions. 
The other two form segments of the mirror image of 
this curve in the (101)y, or equivalently the (10l ) y 
plane, each segment passing through one of the low- 
shear {3, 10, 15}y solutions. In  addition, there are two 
very small segments of this curve where it intersects 
the (101)y plane. Also shown are the predictions 
associated with a zero twinning shear.(5) These and 
the {3, 10, 15}y solutions do of course arise from 
degenerate mechanisms involving single shears and 
are therefore in the same locations as the correspond­
ing poles of Fig. 2(a). I t  is interesting to note th a t the 
different branches of the loci intersect near {225}y 
poles but the variants involved are not adjacent to 
low-shear {3, 10, 15}y habit planes. Once again, 
therefore, there are no predictions of practical 
interest.
Having considered in Fig. 2 the general properties 
of the habit plane predictions arising from two 
mechanisms in which the two lattice invariant shears 
are reversed, we shall now examine in detail some 
predictions in the neighbourhood of (3, 10, 15}y and 
(225}y. I t  is convenient to consider first those 
mechanisms in which {112}a twinning precedes the 
slip shear and in particular to examine slip shears in 
( l l l} a directions. Of the four variants of this direc­
tion, one is parallel to the twinning direction so th a t 
the double lattice invariant shear is equivalent to a 
single shear and has therefore been considered 
previously.(12) Also, two of the other variants give 
crystallographically equivalent predictions as they 
are related in the same way to the twinning shear and 
correspondence. This leaves two independent ( l l l ) a 
directions and thus, having adopted the (112) [ l l l ] a 
variant of the twinning shear, we use as data the
[ l l l ] a and [H l]a shear directions for the slip shear.
The way in which the habit plane varies from the 
low shear {3, 10, 15}y prediction for non-zero amounts 
of shear on the {110}a and {123}a slip planes containing 
the [H l]a slip direction, is illustrated in the stereo- 
graphic unit triangle of Fig. 3. This is in fact a 
particularly degenerate system reducing to only seven 
crystallographically distinct slip shears which are
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F ig. 2. S tan d ard  010 au sten ite  stereogram s illu stra tin g  th e  v a ria tio n  o f th e  
h a b it p lane pred ictions for th e  tw o m echanism s in  w hich a  supp lem en tary  slip 
shear on_the (110) [lll]a system  (a) succeeds an d  (b) precedes th e  conventional 
(112) [lll]a tran sfo rm atio n  tw inning. The poles labelled L  and  H  are  th e  low 
a n d  h igh shear {3, 10, 15}y h a b it p lane predictions corresponding to  zero slip 
shear. The degenerate cases o f zero tw inn ing  shear give rise to  th e  poles m arked  
T  an d  th e  {225}y poles lying close to  th e  h a b it p lane loci are  labelled P . The 
bars m arked  +  an d  — in (a) give th e  p redictions corresponding to  slip shears
o f ± 0 .1 .
labelled A  to G, as indicated in the key to Fig. 3. In  
general, each of these shear systems gives rise to two 
habit plane loci in the unit triangle, but due to their 
additional symmetry, the limiting systems A  and G 
give only one curve each. Figure 3 clearly shows how, 
as the slip plane rotates from A  to G, the habit plane 
loci rotate on the stereogram. However, due to the 
operation of the algebraic restrictions of the theory, 
none of the curves enter the region bounded by the 
bold line X -X . This forbidden region contains the 
{225}y pole, so th a t no entirely satisfactory mechanism 
can arise for secondary slip on any plane in the [H l]a 
direction. The envelope curve does, however, pass 
within 4° of {225}y and, in particular, one of the 
branches of habit plane locus E, corresponding to slip 
on (10T)a or (0lT)a, seems a t first to be an attractive 
mechanism. However, the orientation relationship 
and especially the direction of macroscopic displace­
ment are not in agreement with experimental values
and, therefore, preclude this mechanism from explain­
ing the full crystallography of {225}y habits.
Curve A  is also of interest as it corresponds to slip 
on (110), the third variant of the three {U0}a planes 
containing [ l l l ] a, and is of course a small segment of 
the habit plane locus of Fig. 2(a). The other individual 
loci are of no particular interest except those arising 
from mechanisms G and G which could correspond to 
secondary twinning rather than slip. The segments of 
these curves corresponding to positive twinning 
shears are therefore shown bold. Note th a t mechanism 
G, in which the supplementary shear system is
(112) [ l l l ] a, is closely related to the mechanism 
considered by Crocker(13) in his double shear m arten­
site analysis. The conventional (112)[TTl]a twinning 
system and this auxiliary mode possess a common 
plane of shear and it was thus necessary, in the earlier 
analysis,(13) to include a rotation so th a t the resulting 
lattice invariant deformation was still a simple shear.
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F i g . 3. Low shear h a b it plane loci show n in  th e  sam e stereographic u n it triangle, 
for m echanism s in  w hich th e  (1 1 2 )[ l ll ]a  tw inn ing  shear precedes various slip shears 
o f th e  form  (hkl) [ l l l ] a . These loci in te rsec t a t  th e  conventional {3, 10, 15}>- p re ­
d iction  of th e  s ta n d a rd  theories. The angular re la tionsh ip  betw een th e  chosen shear 
planes, w hich are  assigned cap ital le tters , is ind ica ted  in  th e  q u a d ran t ad jacen t to  
th e  u n it  triang le  an d  th is  sequence can  be  followed on th e  u n it triang le  itself. 
T hus, m odes A  an d  Q, w hich because o f th e ir  sy m m etry  produce on ly  one co n tin ­
uous locus each, bound  four regions o f th e  u n it  triang le  in  w hich th e  sequence of 
le tte rs  is displayed. H ow ever, to  avo id  confusion only  one locus, corresponding 
to  m ode C, is show n in th e  p a rticu la rly  sm all region below  {3, 10, 15}y.
The additional rotation, however, was less than 3° so 
th a t there is very little difference in the two sets of 
predictions. Finally, it should be noted th a t habit 
planes in the forbidden region of Fig. 3 can arise when 
the restriction th a t the associated locus is joined 
directly to the neighbouring {3, 10, 15}? plane is 
relaxed. An example of this is provided by curve A  
which, as shown in Fig. 2(a), re-enters and crosses the 
unit triangle from near 111 to 010.
Considering now slip in the [ l l l ] a direction follow­
ing (112)[ITl]a twinning, a much more complex set of 
curves emanating from (3, 10, 15}y is obtained and 
one of these passes very near the {225}y pole. How­
ever, this corresponds to the (231)[lll]a slip shear 
which is not particularly attractive. In  addition the 
magnitude of the shape shear for the {225}y prediction 
is over four times greater than the observed value. 
This set of results will not therefore be examined 
further. In  addition the few remaining mechanisms 
which involve auxiliary shears on { lll} y planes in 
(lT0)y directions which are not related by the corre­
spondence to the ( l l l ) a directions considered above
produce no results of practical interest. In  any case 
these mechanisms in which the second shear is 
considered to occur in the parent can have no physical 
meaning when the first shear is in the product 
structure.
We shall now examine in detail some predictions 
corresponding to mechanisms in which the auxiliary 
lattice invariant shear precedes the basic {112}a 
twinning shear. Two of these mechanisms, labelled I 
and II , do in fact provide particularly interesting 
results. These are characterised by (011)[lll]a or 
correspondingly ( l l l ) [011]y slip, and (112) [ l l l ] a slip 
or twinning respectively. In  both cases the habit 
plane loci are smooth curves joining low and high 
shear {3, 10, 15}y predictions in neighbouring unit 
stereographic triangles, as shown in Fig. 4. The 
curves are labelled vx and vn and pass within 4.8° and 
3.5° of (252)y respectively. Also shown in this figure 
is the variation with supplementary shear magnitude 
of the direction d of the macroscopic displacement for 
these two mechanisms. The two smooth curves, 
which for mechanisms I  and I I  are labelled dx and dn
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Fig. 4. H a b it p lane an d  m acroscopic disp lacem ent d irec­
tio n  predictions for m echanism s I  an d  11  ^which^ involve 
shears on respectively  (Oil) [lll]a a n d  (112) [lll]a p re ­
ceding th e  basic tw inn ing  shear on (112)[lll]a. The results 
are p lo tted  as loci on tw o ad jacen t au sten ite  s te reo ­
graphic u n it triangles. T he h a b it p lanes deno ted  by  
Vj an d  Vi i appear in  th e  correct v a rian ts  of these triangles 
for th e  d a ta  used, th e  low an d  h igh  shear {3, 10, 15}y 
predictions being ind ica ted  b y  L  an d  H  respectively. 
T he d isplacem ents dx an d  dIX have  been ro ta te d  for 
convenience in to  these  triang les th e  correct v a rian ts  
being given b y  th e  “ (267)-/” directions, associated  w ith  
th e  ad jacen t “ (3, 10, 15}y” poles. T he h ab its  corre­
sponding to  m inim um  shape d isplacem ent m agnitudes 
are  ind icated  b y  bars on curves vx a n d  vxx a n d  th e  d is­
p lacem ents associated  w ith  th e  {225}y predictions are 
show n in  th e  sam e w ay  on curves dx an d  dxx.
respectively, join crystallographically equivalent poles 
near (267)y in neighbouring unit triangles. They lie 
approximately parallel to the corresponding habit 
plane loci. Note, however, th a t these displacement 
directions and the habit planes are only shown in the 
same area of the stereogram for convenience. In  
practice their angular separation is a function of the 
associated shape shear and, for the lattice parameters 
being used, is approximately 75°. In  both mechanism 
I  and mechanism II , the (112)a twinning shear gT 
increases uniformly from 0.234 to 0.353 corresponding 
to the low and high shear (3, 10, 15}y habits respec­
tively. I t  is thus convenient to present the variation 
in magnitude of the supplementary shears gs  and 
shape shears jj, and of the angles (f> and 6 describing the 
orientation relationship in terms of this shear. This 
has been done in Fig. 5. The curves gs  do of course 
commence and terminate a t zero, passing through 
maxima of 0.039 and 0.062 a t intermediate positions. 
The two curves [i are also similar, passing through 
minima of 0.162 and 0.129 between the limiting value 
of 0.193 for both low and high shear {3, 10, 15}y
predictions. However, the two pairs of curves 
describing the variation of the orientation relationship 
are very different from each other. These define the 
moduli (f> and 6 of the angles between the (11 l)y and 
(101)a planes and the [101]y and [ l l l ] a directions 
respectively. The inter-planar angle passes through a 
marked maximum and a shallow minimum for 
mechanisms I  and I I  respectively. The angle 6 has a 
marked minimum for mechanism I  but varies almost 
linearly between positive and negative values for the 
other mechanism. Note th a t the magnitudes of these 
two angles for the limiting low and high shear {3, 10, 
15}y habit planes are identical. However, the sign of 
one of either <f> or 6 is reversed because the two 
orientation relationships are mirror images of each 
other.
In  Fig. 5, the predictions corresponding to the 
nearest habit plane to (252)y are clearly marked by 
vertical broken lines. These predictions are for habits 
lying on the common boundary of the unit triangles 
shown in Fig. 4. I t  is seen th a t for both mechanisms, 
only very small supplementary shears are necessary 
to produce a habit plane prediction near (252)y. For 
mechanism I I  this habit plane occurs very close to the 
minimum in the macroscopic displacement curve 
where the corresponding supplementary shear curve 
is near a maximum. The locations of the habit planes 
associated with the minimum of the macroscopic 
displacement curves for mechanisms I  and I I  are 
indicated in Fig. 4. Also shown in this figure are the 
directions of the macroscopic displacements for the 
two (252)y habit plane predictions, both of which lie 
near (457)y. The angles (f> and d in Fig. 5 defining the 
orientation relationship are small for both habits.
The numerical data obtained from the computer 
which are closest to the predictions presented in Figs. 
4 and 5 are given in Table 1. These include matrices, 
defining the total shape deformation and the lattice 
deformation, in addition to vectors, giving the habit 
plane and the direction of the macroscopic deforma­
tion, and scalars, giving the three shear magnitudes. 
They are compared with available experimental 
information on {225}y habit planes in steels in Section 
3.3.
3.3 Discussion
The results presented in Section 3.2 clearly 
demonstrate the way in which the generalized theory 
of martensite crystallography, given in Section 2, may 
be applied in practice. In  addition, however, they 
suggest some new specific mechanisms which m ay be 
significant in explaining the crystallography of the
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Fig. 5. Shear an d  o rien ta tion  rela tionsh ip  p red ictions for m echanism s I  an d  I I .  The curves 
labelled fi an d  gs give th e  m agnitudes o f th e  shape d isplacem ent an d  th e  supp lem en tary  shear 
respectively  as a  function  o f th e  tw inn ing  shear <jrT. T he o rien ta tio n  re la tionsh ips are defined 
b y  th e  m oduli o f th e  angles (f> an d  6 defined in  th e  te x t. T he vertical b roken  lines define 
m echanism s associated  w ith  th e  closest h a b it p lane p red ic tions to  {225} y .
T a b l e  1. Pred ictions for m echanism s giving {225}y h a b it  planes 
M echanism  I  M echanism  I I
V {+0.394728 +0.826276 +0.401817) (+ 0 .373080 +0.839122 +0.395832)
cl [-0 .5 4 9 8 7 0 +0.738086 -0 .3 9 0 9 8 8 ] [-0 .4 0 1 4 2 0 +0.767322 -0 .5 0 0 0 7 3 ]
fi + 0.163074 + 0.130010
gT +0.290000 +  0.258000
9s +0.037181 +0.061699
F
+0.964605
+ 0.047510
—0.025168
-0 .0 7 4 0 9 2  
+  1.099453 
-0 .0 5 2 6 8 3
-0 .0 3 6 0 3 1  
+  0.048364 
+0.974380
+  0.980529 
+0.037219 
-0 .0 2 4 2 5 5
-0 .0 4 3 7 9 3  
+  1.083711 
-0 .0 5 4 5 5 3
-0 .0 2 0 6 5 8
+0.039488
+0.974265
D
+  1.107541 
+0.069862 
+0.152054
-0 .0 7 5 7 6 3  
+  1.116876 
—0.038693
+ 0.110248
+0.035870
+0.819512
+  1.109775 
+0.032770 
-0 .1 4 8 9 7 0
-0 .0 4 4 5 6 2  
+  1.115925 
-0 .0 8 6 2 9 4
+0.107873
+0.067257
+0.817811
T he tw o m echanism s l  and  I I  are defined b y  supp lem en tary  shears, w hich precede th e  (1 1 2 )[lll]a  tw inn ing  shear, on th e  
system s (OlT)[lTT]<x an d  (112)[lTl]a respectively. R esu lts a re  given for th e  h a b it p lane norm al v, th e  d irection d a n d  m agnitude 
fx o f th e  m acroscopic d isplacem ent, th e  m agnitude  of th e  tw inn ing  shears gT an d  supp lem en tary  shear gs, th e  to ta l  shape deform a­
tio n  F a n d  th e  la ttice  deform ation  D. These predictions are  all given re la tiv e  to  th e  f.c.c. p a re n t austen ite  basis.
transformations in steels with {225}y habit planes. 
We shall not attem pt to give a detailed discussion of 
these mechanisms here but simply compare briefly the 
experimental observations and the predicted results. 
The former do, of course, depend on the particular 
alloy used, whereas the latter are for a specific steel. 
However, as in earlier analyses(12,13) using the 
standard theories, it has been demonstrated for the
generalized theory th a t significant changes in 
the predictions do not arise from minor changes of 
the lattice parameters adopted.
In  general, habit planes in steels lie between 
{3, 10, 15}y or {259}y and {225}y or {449}y.<5> The 
habit plane loci presented in Fig. 4 pass through this 
region of the stereographic unit triangle and are thus 
basically acceptable. The predictions near {225}y are
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associated with small supplementary shears and the 
corresponding fraction of the martensite plate which 
is twinned is not markedly different from the {3, 10, 
15}y prediction. This is again consistent with experi­
mental work(9) and particularly the lack of observa­
tions, until recently, of supplementary shears. In  
addition, the shear systems involved in the two 
mechanisms described in detail are particularly 
simple and attractive. Accurate measurements of 
the magnitude and direction of the macroscopic 
displacement associated with phase transformations 
are difficult and show a wide scatter. These param ­
eters are also sensitive to the mechanisms adopted 
suggesting th a t in practice several different processes 
may be involved. The magnitudes associated with the 
mechanisms described do in fact lie a t the lower end 
of the range of reported values which extends from
0.134 to 0.254. However, this does suggest a real 
physical reason why these mechanisms might be 
preferred. Indeed, the {225}y habit plane prediction 
for mechanism I I  corresponds very closely to the 
minimum value of 0.129 in the shape deformation 
curve shown in Fig. 5. The directions of these 
macroscopic displacements which lie near <223)y are 
also not inconsistent with experimental results. 
Finally, considering the orientation relationship, the 
measured interplanar angle for {225}y transformations 
is about £°, consistent with mechanism I I  hut, as 
shown in Fig. 5, rather smaller than the prediction for 
mechanism I. The observed angle between the 
appropriate variants of (110)y and ( l l l ) a is also 
approximately |° ,  again rather smaller than the 
predictions for both mechanism. However, it is seen 
th a t the mechanisms are in substantial agreement 
with experimental results and th a t mechanism II, 
which involves a (Tl2)[lTl]a slip or twinning shear 
preceding the basic (112)[TTl]a twinning shear, is 
particularly attractive.
We thus conclude th a t double shear mechanisms of 
the type discussed and analyzed in detail in the 
present paper, can explain the crystallographic 
features of transformations in steels with {225}y habit 
planes. In  addition, the specific mechanisms proposed 
here may describe the physical processes occurring in 
practice, although there is no clear reason why these 
particular variants of the subsidiary shear should be 
preferred. Some problems regarding the compati­
bility of the two shears do remain however. Thus, 
two sets of twinning shears may not readily intersect 
each other. Again slip in a previously twinned 
medium may be difficult and effectively occur on 
irrational planes in irrational directions although in
each twin component, the shear elements may be 
normal. Also it is not clear why one shear should 
always precede the other and, as demonstrated here, 
reversing the order of the shears would lead to 
difficulties as the predictions are then radically 
altered. Finally, more than two shears may be 
operating in a given martensite plate. However, these 
are problems of martensite crystallography which do 
not apply specifically to the reactions in steels and 
they will therefore he considered more fully in 
Section 4.
4. G E N E R A L  D IS C U S S IO N
The generalized theory of martensite crystal­
lography presented and applied in this paper, 
constitutes the first genuine extension of the basic 
theory. In  their original form, the different variants 
of this theory due to Wechsler, Liebeman and Read,(1) 
Bowles and Mackenzie(2,3) and Bullough and Bilby,(4) 
were all intended for use with one lattice invariant 
shear. Subsequent applications of these theories 
using combinations of shears,(12) or even shears and 
rotations,(13) were all subject to  the restriction th a t 
the resulting lattice invariant deformation had to  he 
equivalent to a simple shear. Now, for the first time, 
the effects of any combination of slip or twinning 
shears can he considered. This need not in principle 
be restricted to only two independent shears as in the 
present paper. Also, as in the standard theories, the 
introduction of a uniform dilatation would involve 
only a trivial piece of algebra. However, without 
detailed guidance from experimental data applica­
tions involving more than two lattice invariant shears 
and a distorted interface would a t present seem most 
inadvisable.
The form of the presentation of the theory in  this 
paper is partly geometric and partly  algebraic, 
developing in particular the approaches adopted in 
formulating the basic theory by Wechsler, Lieberman 
and Read,(1) Bullough and Bilby(4) and Christian.(15) 
In  this way we have attem pted to illustrate the basic 
elements of the theory, although the resulting 
algebraic expressions are of course rather complicated. 
In  addition some of the predicted results are over­
determined in this form of presentation and this 
provides a useful check for the theory. Thus, for 
example, as explained in Section 2.2, the habit plane 
is defined by two of the undistorted lines given by 
equations (4), (5) and (6), but it m ust also contain the 
invariant principal direction of the total shape 
deformation, which is given by equation (2).
After this theory had been developed and the 
application to the {225}y transformation in steels was
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being carried out, it was discovered th a t Acton and 
Bevis(14) had concurrently produced a similar theory, 
using a very different approach, and were also apply­
ing it to the martensite reaction in steels. We have 
subsequently confirmed th a t the two theories are 
indeed equivalent and produce identical predictions. 
However, the application to steels reported in this 
paper is more comprehensive than th a t carried out by 
Acton and Bevis(14) and has enabled us to suggest 
different mechanisms for the {225}y transformation. 
In  addition, we have considered in detail some general 
features of the results, including complete habit plane 
loci on stereographic projections, the range of loci 
arising from a given supplementary shear direction 
for different shear planes, and the form of restriction 
curves limiting the location of habit predictions on the 
stereogram. More significant than these preliminary 
applications of the theories, however, is the relation­
ship between the two forms of the analysis. The 
approach adopted by Acton and Bevis(14) is indeed 
very elegant. I t  is based on an earlier analysis of tw in­
ning shears in lattices by Bevis and Crocker(27) and 
provides a considerable simplification in the algebraic 
presentation of the standard theory of martensite 
crystallography, in addition to achieving the same 
generalization as th a t given by the present paper. 
However, in terms of physical operations the trea t­
m ent is rather obscure and difficult for workers 
familiar with the standard theories to appreciate. I t  
is felt, therefore, th a t the two approaches complement 
each other in a particularly satisfactory manner.
While the general theories of martensite crystal­
lography have been developed and applied to trans­
formations in many materials including steels, other 
theories have been formulated in a special effort to 
understand the mechanism responsible for {225}y 
habit planes. Early theories of this kind were those 
due to Suzuki(28) and Frank,(29) who used a plane 
matching technique involving an effective anisotropic 
distortion of the interface. This was extended by 
Bilby and Frank(30) who matched prisms of material 
of the two phases but in none of these treatments was 
particularly satisfactory agreement between predic­
tions and experimental results obtained. Recently, 
this type of approach has been adopted by Bowles and 
Dunne,(22) who considered a transformation in which 
the habit plane is of the form {hhl}y and the orientation 
relationship involves the (110)7 direction in this plane 
being parallel to a ( l l l ) a direction. I t  is shown that 
when no distortion of the interface is allowed, such a 
transformation can only occur if additional shears 
accompany the standard {112}a lattice invariant 
transformation twinning shear. The authors proceed
to develop a multiple shear theory similar to that 
given in the present paper. However, they consider 
the supplementary shears to take the form of plastic 
accommodation effects rather than an intrinsic part of 
the transformation shear mechanism. In  particular, 
they demonstrate th a t satisfactory crystallographic 
predictions for the {225}y habit are obtained by a 
mechanism involving slip shears in the austenite on 
four different variants of {111}(110)y. They claim that 
this mechanism is plausible but it is certainly very 
complex and requires detailed experimental verifica­
tion before it can be accepted.
An alternative approach has beenusedbyLieberman 
and Bullough(19) and Lieberman.(20) They base their 
theory on the observation that transformation twins 
in steels can terminate within a martensite plate 
rather than a t the interface between parent and 
product structures.<31) They associate a second shear 
and a rotation with these twins so th a t referring the 
two shears to the parent basis, the total shape defor­
mation is given by F =  R1PR2S2S1. The shears Sj and 
S2 are assumed to be the usual variant of {112}a 
twinning and a virtual shear on the habit plane in a 
(110)a direction. The axis of the rotation R2 is also 
taken to be in the habit plane. Using this mechanism, 
satisfactory predictions are obtained for the {225}y 
transformation but the theory is very controversial and 
has been severely criticised on several grounds. Thus, 
the virtual shear system used has been shown to be 
inconsistent with the geometry of the transformation 
twins.(21) Also, it is claimed th a t the mechanism 
produces an incorrect product structure.(22) This 
difficulty was first emphasized by Crocker(13) in con­
nection with his own work on double sheared m ar­
tensite as this also involved an additional rotation. 
Certainly, if the shears and second rotation do actually 
occur in the austenite structure prior to the applica­
tion of the pure strain, the mechanism is faulty. If, 
however, this resolution is simply used for convenience 
and both shearing processes occur physically in  the 
product structure, as is in fact possible in the Lieber­
man and Bullough mechanism,(19) the correct product 
structure should be produced. Another difficulty with 
the theory is th a t it purports to describe the mor­
phology of a martensite plate containing separate 
regions of twinned and untwinned material whereas 
the analysis describes a plate in which the component 
deformations occur homogeneously. We conclude, 
therefore, th a t little significance can be placed on the 
predictions of this theory in its present form, bu t that 
a correct algebraic formulation of the model involved 
would be valuable.
When examining the validity of the general analysis
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of martensite crystallography described in the present 
paper, and indeed th a t of any theory involving 
multiple shears, careful consideration has to be given 
to the nature of the interface. In  the standard theory 
the boundary between the parent and product 
structures may be considered to consist of an array of 
like parallel equi-spaced dislocations which produce 
the lattice invariant shear.(4) For well-established 
shear systems of either the parent or the product 
structure there is no problem about the mobility of 
these dislocations and hence of the interface. Simi­
larly, combinations of shears involving a unique shear 
direction or shear plane should leave the interface 
glissile. However, when the elements of the com­
ponent shears are independent, the two sets of 
dislocations forming the interface will in general 
interact destructively to produce a sessile boundary. 
This can of course be avoided if the boundary consists 
of two closely spaced parallel interfaces, each con­
taining one set of dislocations, and this is the situation 
envisaged in the present paper. Thus the formal order 
of the shears in the analysis is expected to have a real 
physical significance and this is reflected in the present 
application, which has demonstrated the marked 
changes in predictions obtained when the order of the 
two shears is reversed. One could of course consider a 
transformation in which the order of the two shears 
alternates and speculate about the predictions being 
intermediate between the extreme cases discussed 
here, but in practice it is unlikely th a t in such a 
mechanism the interface would remain mobile. In  any 
case the present theory is unable to analyse this 
situation.
An additional problem arises when one of the 
lattice invariant shears is twinning as, in general, slip 
dislocations can not readily traverse twin bound­
aries^^ and even if they do the orientations of the 
associated slip plane and slip direction are changed. 
Thus, if the twinning shear precedes the slip shear the 
effective slip plane and direction will not in general 
have simple indices. These indices will in fact be 
difficult to determine as they are functions of the 
relative amount of the two twin variants which will in 
turn  be determined by the lattice invariant shears 
themselves. I t  thus appears th a t an iterative pro­
cedure would be necessary to obtain consistent 
results. This has not of course been attem pted in the 
application described in the present paper but 
fortunately the two most satisfactory mechanisms 
both involve slip preceding twinning. In  this case the 
transformation twins form in the single crystal 
martensite structure which exists between the pair of
interfaces comprising the boundary, and no inter­
action problem arises.
In  conclusion, therefore, we consider th a t the 
physical processes implied by the generalized theory 
of martensite crystallography presented in this paper 
are realistic. The two component lattice invariant 
shears which are an essential part of the theory are in 
general unrestricted, although some caution has to be 
exercised when one or both of the shears is trans­
formation twinning. The application of the theory to 
the martensite reaction in steels has been rewarding 
because it has afforded additional insight into the 
theory itself and given rise to predictions which could 
well be significant in practice. In  particular, two 
possible mechanisms for the (225}y transformation 
have been discussed. However, before examining 
these predictions further it seems desirable to await 
the results of additional experimental investigations 
on multiple shear mechanisms. At present information 
of this kind on transformations in steels is sparse but 
recent experiments on transformations in tita n - 
ium(10,33) and copper alloys(11) have substantiated th a t 
in both cases several internal inhomogeneities exist. 
The generalized theory is therefore a t present being 
applied in detail to these transformations.
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The Crystallography of Martensitic 
Transformations in Uranium and Its Alloys
A, G. Crocker and N. D. H. Ross
The importance of both the 3 -> a and the y -> a 
transformations in uranium and its alloys as critical 
tests of theories of martensite crystallography is first 
emphasized. It is then shown that many possible 
correspondences exist relating the 3 and a structures 
but further detailed experimental information is neces­
sary before definite conclusions can be drawn about 
their operation in practice. Such information is avail­
able for the y -> a transformation but in this case it is 
demonstrated that for some observed cases the theories 
have no real solutions. This demonstrates that current 
theories of martensite crystallography are inadequate. 
A new theory of transformation shears is therefore 
being developed and a preliminary account of this is 
given.
e Institute of Metals Symposium on the Mechanism of 
ase Transformations in Metals held in 1955 included the 
t general review1 of what are still the current theories of 
rtensite crystallography. In addition, two papers were 
esented2’3 on the 3 -*• a transformation in uranium and its 
oys. Since that time transmission electron microscopy 
d other techniques have confirmed some of the basic 
jotheses of the theories. However, these techniques have 
t been successfully applied to the uranium transformation, 
is is in part due to technological interest being diverted 
t to alloys with a higher solute content, in which the 3 
ase is suppressed so that it is the y -> a transformation 
ich becomes of interest and then, more recently, to the 
of ceramic nuclear-fuel elements. This is unfortunate as the 
ique parent and product crystal structures associated with 
3 -> a transformation in uranium provide an ideal 
Dortunity for testing the crystallographic theories of 
rtensite. It is certainly important that this should be done 
ce observations on other systems have shown that in many 
ys these theories are inadequate. Indeed, as we shall 
nonstrate in this paper, the most striking example of the 
ure of the theories occurs in the y -> a transformation 
uranium alloys for which, fortunately, there is recent 
ailed experimental information.
The established theories of martensite crystallography1’4 
olve the total shape deformation into a rotation, a pure
auscript received 23 February 1968. A. G. Crocker, Ph.D., and 
D. H. Ross, B.Sc., are in the Department of Physics, University of 
rey.
strain, and a simple lattice invariant shear. The data re­
quired to apply the theories are then the lattice parameters of 
the parent and product structures, a correspondence relating 
directions in these structures, and the shear plane and direc­
tion of the simple shear. The lattice parameters and corres­
pondence define the pure strain and impose restrictions on 
the choice of shear elements.5 Furthermore, in the case of 
twinned martensite,6 if the two product orientations are to 
be related to the parent material by means of crystallographic­
ally equivalent correspondences, the twin or shear plane 
must be associated with a mirror plane of the parent.
When applying these theories to the uranium transforma­
tions, difficulties arise because the choice of correspondence 
is not obvious as in the case of other transformations. This 
is particularly true of the 3 a transformation where the 
parent phase has a complex tetragonal unit cell containing 
thirty atoms. The y phase is body-centred cubic and the a 
phase is, at least approximately, base-centred orthorhombic. 
The lattice parameters vary slightly with alloy content. We 
shall here use the values A =  10-590 A; C = 5-634 A; a =  
2-855 A ; b = 5-862 A; c =  4-961 A for the 3 -*■ a trans­
formation, and ao =  3-465 A; a =  2-854 A; b =  5-869 A; 
c = 4-955 A for the y a transformation. These para­
meters are appropriate for transformations in U -l -4 at.- % Cr 
and U-5 at.-% Mo alloys, respectively. A second difficulty 
in applying the theories is that a large number of simple 
shears, particularly twinning shears, are available and need 
to be considered.
In the present paper we shall first discuss the choice of 
correspondence for the 3 a transformation. So many 
possibilities arise, however, that without further guidance 
from detailed experimental information it seems unwise at 
present to use these correspondences as data for the theories. 
We therefore proceed to consider correspondences for the y 
-» a transformation and conclude that the only one likely to 
occur in practice is that deduced recently7 from complex 
electron-diffraction patterns. This correspondence is then 
used as data for the theories and it is shown that for several 
experimentally observed simple shears the theories have no 
real solutions. This result clearly demonstrates some in­
adequacy of the theories and has prompted us to examine 
the basic problem of transformation shears in lattices. The 
last section of the paper discusses the new theory of marten­
site crystallography that is now being developed from this 
analysis. Some details of the algebraic procedures involved 
in handling correspondences are given in the Appendix.
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The P -> a Transformation in Uranium and Its Alloys
At the 1955 Symposium, Butcher and Rowe2 reported their 
experimental results on the habit planes and orientation 
relationships associated with the P a martensite trans­
formation in a U-l-4 at.-% Cr alloy. This paper was 
followed by a theoretical discussion by Lomer3 of the possible 
correspondences between the two structures. He had ex­
amined 1600 different ways in which one P cell containing 
30 atoms could transform into 1\ a cells each containing 
4 atoms and found only one correspondence involving par­
ticularly small strains. He did, however, report a second 
correspondence with larger strains and deduced from the 
experimental evidence two further correspondences relating 
two P cells to fifteen a cells. Later, Crocker8 used Lomer’s 
correspondences as data for the theories of martensite crystal­
lography but, because of the large choice of possible lattice 
invariant shear modes and the lack of experimental infor­
mation on any operative shears, no very definite conclusions 
could be drawn about their validity. In addition we have 
now discovered that many other correspondences with 
comparatively small strains exist. The physical criteria 
governing which correspondence occurs in practice are, of 
course, critical to our understanding of this and other phase 
changes and we therefore consider it important to report 
these correspondences here.
The procedure for determining the principal strains 
associated with a correspondence is described in the Appendix 
In particular we note that it is convenient9 to classify cor­
respondences in terms of a quantity Q giving the sum of 
the squares of the principal distortions •/]« (/ = 1, 2, 3). For 
a correspondence involving zero strains we have = 1, so 
that Q = 3 and as the strains increase Q also increases. 
As it seems likely that correspondences involving small 
strains will be preferred in practice, we have looked for 
correspondences between one P cell and 1\ a-uranium cells 
having Q < 3-1. Nine such correspondences have been 
found and these are given in Table I, together with the 
associated values of Q and the principal strains (*)f — 1).
Correspondences 1 and 7 in Table I are the two deduced 
by Lomer,3 who did not report the other seven correspon­
dences. The two more complex correspondences he gave, 
involving two cells of P-uranium, have Q values of 3-024 
and 3-089. Because a large number of atoms is involved in 
these correspondences it is not convenient in general to 
represent them diagrammatically. However correspondences 
3, 4, and 9 in Table I are comparatively simple as they involve 
the (001)(3 plane and the [001 ] 3 direction becoming the (001)« 
plane and the [001]a direction. Therefore, in Fig. 1 we have 
outlined the three parallelograms in the (001)a plane that 
arise from the square bases of three possible tetragonal P cells 
as a result of the deformations associated with these corres­
pondences. Atomic positions have been deliberately omitted 
from Fig. 1 as the P-uranium structure is so complex. Indeed, 
for the correspondences listed in Table I only one atom in 
thirty moves directly to its correct product site, the remainder 
having to shuffle. The relative magnitudes and directions of 
these shuffles provide a second means of classifying the 
correspondences and may be the controlling factor in decid­
ing which correspondences are likely to arise in practice. In 
particular the three correspondences shown in Fig. 1 may 
well be favoured in practice because of their simplicity. 
However, as yet, no comprehensive study of the shuffles 
associated with these correspondences has been carried out. 
In fact it seems unwise at present to embark on a more detailed 
examination of the correspondences and to use them as data
[010]
Fig. 1 Correspondences 3, 4, and 9. The deformed bases o f  th 
tetragonal P cells are outlined on the corresponding (001) pla  
o f  <x-uranium.
T a b l e  I
Possible Correspondences for the P -> a Uranium 
Transformation
Correspondence
(aC 3)
Q Principal Strains
1 171 311 202 3-004 0-019 0-076 -  0-101
2 333 131 420 3-039 0-023 0-117 0-138
3 720 140 002 3-041 -  0-028 -  0-119 0-143
4 550 330 002 3-063 -  0-047 -  0-119 0-174
5 632 230 202 3-065 0-052 0-125 -  0-167
6 451 231 202 3-070 -  0-051 -  0-122 0-183
7 630 012 240 3-074 0-045 0-153 -  0-164
8 522 140 202 3-081 0-083 0-114 -  0-182
9 380 320 002 3-098 -  0-077 -  0-119 0-212
The elem ents o f  the  correspondence m atrices 01C3, which are defin 
in the  Appendix, have all been m ultiplied by two. The th ree rows of ea 
m atrix  are  given as a single row  in the  table, bars indicating negati 
elem ents.
for the theories before further experimental information b 
comes available. It is clear, however, that this phase chan 
may well make use of several mechanisms although at t 
moment the primary correspondence due to Lomer3 is pro 
ably the most efficient way of accomplishing the transformatio
The y a Transformation in Uranium Alloys
The most detailed experimental investigation of t 
crystallography of the y -» a transformation is that by Ma 
using a U-5 at.- % Mo alloy. Following detailed examinati 
of transmission electron micrographs and electron-diffr; 
tion patterns taken from twinned martensitic products in t 
alloy, May7 deduced a correspondence and demonstrated t 
presence of {130} and {021} twins. There was also go 
evidence for {112} twins and some evidence for a {11 
twin.
We shall first discuss May’s correspondence and comp, 
it with that adopted by Christian10 in an earlier theoreti 
analysis of the transformation. This latter correspondei 
is in fact equivalent to that associated with the well-kno 
cubic -> orthorhombic transformation in gold-cadmii 
alloys.11 The two correspondences are defined using 1 
notation described in the Appendix, by the correspondei 
matrices
13 3 2\ /0 0 2\
(aCY) M = i  1 1 2  ; (aCr) c = i  U 0  
\2 2 0/ \l 1 0/
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here the suffixes M and C refer to May and Christian, 
pectively. In both cases the (ll0)Y plane and [1I0]Y 
ection become the (001)a plane and [001]a direction, 
erefore in Fig. 2 we illustrate and compare the two cor- 
pondences, in this case relative to the parent structure, 
projecting them on to the (1I0)Y plane. It is clear from 
's figure that the parent y-uranium cells defined by the 
rrespondences of Christian11 and May7 and which become 
applying the pure strain the base-centred orthorhombic 
11 of a-uranium, are respectively base-centred orthorhombic 
d base-centred monoclinic. Also the atomic positions are 
own so that the magnitudes of the atomic shuffles, which 
ust accompany any transformation from a single- to a double- 
tice structure, are easy to deduce. Again the principal 
ections of the pure strain associated with Christian’s 
rrespondence are seen to be parallel to the edges of the 
oduct cell and the magnitudes of these strains are thus simple 
derive. This is not the case for May’s correspondence for 
ich the procedure outlined in the Appendix has to be 
opted. We thus obtain the principal strains, principal 
ections, and shuffle magnitudes, which are summarized in 
ble II. Of particular importance here are the magnitudes 
the strains, which are ~ 1 %, — 18%, and 20%, and 1 %, 
o, and — 10% for Christian’s and May’s correspondences, 
pectively. In addition, the shuffle magnitudes for Christian’s 
espondence are greater than May’s by a factor of > 2. 
ese magnitudes are calculated on the assumption that the 
lies occur before the deformation. In practice, of course, 
deformation and shuffle components of the change of 
cture will occur simultaneously but the values in Table 
are considered to be a significant measure of the trans­
lation energy associated with the shuffles. In this con- 
tion it should be noted that conventionally in Fig. 2 
h atom has to shuffle an equal distance, neighbouring 
ms moving in opposite directions as indicated by the 
rnative signs in the table. This minimizes the sum of the 
ares of the shuffle magnitudes and hence, we assume, the 
rgy associated with these shuffles.
ummarizing, May’s correspondence is associated with 
ch smaller shuffles and much smaller strains than that of 
istian and this is likely to be favoured on theoretical 
unds, as indeed it is in practice. We have in fact made a 
ematic study of correspondences between the y- and a- 
lium structures and found that the two discussed here 
>lve the smallest possible strains. However, an interesting 
espondence between y- and faulted a-uranium, which 
been suggested by Stobo12 as a possible nucleus for the 
duct structure, has principal strains intermediate between 
se of May’s and Christian’s correspondences, 
hus we adopt May’s correspondence and consider which 
ining planes may be used as data for the theories of mar- 
ite crystallography. As explained in the introduction we 
rict these shear planes to those arising from mirror planes 
he parent phase. There are nine such planes in the b.c.c. 
-anium structure with indices belonging to the forms 
3}y and (Oil }Y. These planes (raY) and the corresponding 
les (ma) in the a phase are summarized in Table III. It 
ow seen that planes 2, 6, and 9 are crystallographically 
ivalent to planes 1,5, and 8, respectively, and need not be 
sidered further. Of the remaining six possible shear 
les, one, the (001)a plane, is a mirror plane of the a- 
lium structure and is thus unable to operate as a twinning 
le. The other five planes {112}, {130}, {110}, {111}, and 
1} will now be considered as possible transformation 
ining planes. Indeed, these are all well established as
[ooi],
Fig. 2 The correspondences of Christian (top right) and M a y  (bottom 
left) illustrated by outlining two-dimensional cells in the (110) 
plane of y-uranium. These become the centred bases of 
a.-uranium cells following the appropriate deformations. The 
atomic shuffles that must accompany the deformations are also 
indicated.
T a b l e  II
Comparison of the Two Correspondences for the 
y  -> a  Uranium Transformation
Correspondence Principal
Strains
Principal
Directions
Shuffle
Magnitudes
Christian
0011
-0-176
0-198
[I10]Y
[001]Y
[110]Y
±  0-289ao
May
0-011
0-092
-0-097
[I10]Y 
[1, 1, 0-681]y 
[ 1 ,1, 2-936]Y
+ 0-121ao
Table III
The Possible Twinning Systems for the y -> a 
Uranium Transformation
(mY) (m<x) (/«) (/r) mt h M,L
1 100 112
+0-408
-0 -8 8 2
-0 -2 3 7
0
+ 0-297
-0 -9 5 5
+0-707
-0 -6 3 7
-0 -3 0 7
+0-210
+0-603
-0 -7 6 9
2 010 =  1 — — — —
3 001 130 310 110
0
+0-434
-0 -9 0 1
0
-0 -9 0 1
-0 -4 3 4
M
4 110 110 110 001
0
-0 -9 0 1
-0 -4 3 4
0
+0-434
-0 -9 0 1
L
5 101 III
+0-264
-0 -5 3 7
+0-801
-0 -6 3 2
-0 -4 4 8
-0 -6 3 2
+ 0-500
-0 -1 4 4
-0 -8 5 4
-0 -7 6 4
+0-391
-0 -5 1 3
6 011 111 -  5 — — — —
7 110 001 — — — — —
8 101 021
-0 -9 9 6
-0 -0 3 8
-0 -0 7 7
-0 -5 1 2
+ 0-690
+0-512
+ 0-500
-0 -7 5 7
-0 -4 2 0
+ 0-126
+ 0-544
-0 -8 3 0
L
9 Oil 021 =  8 — — — —
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crystallographically possible deformation twinning planes of 
a-uranium,13 although in practice only {130} and {112} 
twins have been reported. However, deformation twins 
have been observed on the irrational planes “ {172}” and 
“ {176}” . which are reciprocal to {112} and {111}. In 
addition {lTO} is the reciprocal twinning plane to {130}. 
The effective shear directions [/«] associated with these 
twinning planes may be deduced from the fact that directions 
normal to the mirror planes (mY) become the conjugate 
twinning directions in the product phase. Standard crystal­
lographic formulae14 may then be used to deduce the twinning 
directions [/«], which are also given in Table III, together 
with the parent directions [/Y] from which they are derived 
using the correspondence. The directions [/a] are in fact the 
well-known deformation twinning directions13 associated 
with these twinning planes. Note that in the case of {112}, 
{111}, and {021} planes these directions are irrational.
We now consider the restrictions imposed on the twinning 
planes and directions by the crystallographic theories. These 
restrictions are the conditions for real roots of the quadratic 
equations defining first the directions of the dislocation lines 
in the interface and secondly the normal to this interface. 
They may be written5
mi2 (1 — vj22) (1 — vj32) + m 22(l — v)32) (1 — m2)
+  m 32 (1 -  7)i2) (1 — V)22) 0
/l27)i2(l -  7)22) (1 -  7]32)
+ l l 2f\22iX -  *)32) (1 -  i^2)
+  3^2y)32(l -  *)12) (1 —  m2) <  0
Here (tq« —  1), / =  1, 2, 3, are the principal strains defined 
by the correspondence and rrn and 1% are the components of 
vectors perpendicular to the plane (mY) and parallel to the 
direction [/Y] respectively. These components must be given 
relative to an orthonormal basis defined by the principal 
directions of the pure strain. For the case of May’s corres­
pondence the strains (•/)« — 1) are given in Table II and the 
components of m% and U in Table III. The results of sub­
stituting these values in the two restrictions are given in the 
final column of Table III, the symbols M  and L  indicating 
that the twinning mode violates the restriction on the shear 
plane and direction respectively. Only the {112} and {111} 
twinning modes satisfy both restrictions. The {130} mode 
violates the restriction on the twinning plane and the {110} 
and {021} modes the restriction on the twinning direction.
Thus these modes, two of which have been shown con­
clusively by May to be operative in practice, produce imagin­
ary solutions when used with the crystallographic theories. 
It is therefore apparent that the basic hypotheses on which 
the theories are based are not satisfied in the case of this 
transformation. Indeed, the results suggest that a major 
revision of the theories is necessary. This would appear 
particularly appropriate at this time when an increasing 
amount of experimental evidence suggests that the existing 
theories are inadequate.
Discussion
In this paper we have examined the possibility of applying 
the phenomenological theories of martensite crystallography 
to the phase changes in uranium alloys and found that several 
major difficulties arise. In particular, for the case of the 
Y -> a transformation, the theories do not give real solutions 
for the crystallographic features. This demonstrates con­
clusively that these theories are not suitable for universal 
application to all transformations with martensitic charac-
(d)
Fig. 3 Illustrating the derivation of the equation Sc =  RUp th 
forms the basis of the new theory of transformation shears 
present being developed.
teristics. Indeed, it may indicate that some of the appare 
successes of the theories are in fact fortuitous. It therefo 
seems desirable to develop at this stage a new, largely mecha 
istic, theory of martensite crystallography to replace t 
present phenomenological theories. Such a theory shou 
clearly be based on structural changes produced by shea 
In the first instance we have considered the fundamen 
problem of shearing a given lattice into any other latti 
The treatment is similar to that given recently by Bevis a 
Crocker15 for the case of twinning shears, where it was sho 
that both the twinning plane and the twinning direction < 
in general have irrational indices. For the case of transfori 
tion shears, occurring at interfaces between two phases a 
thus not specifically associated with either parent or prod 
structure, such irrational shear elements would appear to 
particularly apposite.
The analysis is illustrated schematically in Fig. 3 for 
two-dimensional case of a square lattice shearing into 
rectangular lattice. Diagram (a) shows the parent latt 
together with the shear direction and shear strain. " 
resulting rectangular product lattice is shown in (b) but t 
will not in general be in the required orientation, indicatec 
(d). In addition, although the lattice points in (d) forr 
rectangular array an infinite number of unit cells may 
used, such as that shown in (c). Algebraically we have 
parent lattice vectors c in (a) becoming Sc in (6), when 
is a shear matrix. Similarly the product lattice vectors j 
(c) become Up in (d), where U is a unimodular matrix, 
its determinant is equal to unity. Apart from a rotation th 
lattices are identical so that Sc =  RUp. The rotation ma 
R can be eliminated from this equation by multiplying b 
sides by their transposes. The resulting equation enal 
the transformation shears to be determined in terms of 
unimodular matrix U and the lattice parameters. In prac 
matrices U are chosen which produce shears of small maj 
tude for given lattices. For the example shown in Fig. 
rectangle of axial ratio n2 is obtained by a shear str 
(n —  n"1) in the direction [1, n], n being chosen to be 
in this case. Thus a square lattice can be sheared into 
rectangular lattice with cells of the same area, but even in 
elementary example both the normal to the shear plane 
the shear direction are irrational.
I
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In general we find that, if two different lattices are to be 
lated by a simple shear, the lattice parameters are subjected 
several restrictions. The first of these is, of course, that 
e parent and product cells must have the same volume, 
deed, in a martensite theory based on shears any volume 
hange has to be accommodated by an additional deformation 
ch as a strain perpendicular to the interface. However, 
e other restrictions on the lattice parameters make a single­
ear theory impractical and we are therefore at present 
eveloping a multiple-shear analysis of transformation crystal- 
graphy. In this we are interested in determining the minimum 
umber of shears, if necessary on irrational planes in irrational 
irections, and the smallest shear strains that will transform a 
ven parent lattice to a given product. We believe that this 
alysis will then form the basis of a new theory of martensite 
stallography which will explain the characteristics of a wide 
nge of transformations including those that, like the phase 
anges in uranium alloys discussed in the present paper, 
pear at the moment to be anomalous. However, in order 
apply any theory successfully to these transformations 
rther experimental information is necessary and we hope 
at the publication of the present paper will stimulate new 
terest in this field.
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A ppendix
On Lattice Correspondences*
l. correspondence specifies which vectors of the parent trans- 
n  into given vectors of the product. The deformation implied 
this change of structure is then characterized by the pure strain 
ociated with the correspondence. This pure strain, which we 
resent by the symmetric matrix P, leaves certain vectors z 
changed in direction so that Pz =  r|z where r| is a scalar. Thus
(P2 -  T f l )  Z =  0 . . .  (1)
ere I  is the unit matrix. Equation (1) has non-zero solutions 
y if the determinantal equation
1 P 2 — r|2I | =  0 . . .  (2)
atisfied. If P 2 is known the cubic equation (2) may be solved
T|f (/' =  1, 2, 3), which are known as the principal distortions 
hence the principal strains (q« — 1) obtained. The principal 
ctions zi can then be derived from equation (1). In addition 
quantity Q  =  r|i2 +  t |22 +  r)32, a convenient measure of the 
Drmation associated with a correspondence, is the coefficient 
— T|4 in equation (2) and is thus given by the sum of the ele- 
lts of P 2.
’o determine P 2 for a given correspondence we choose two 
lonormal bases fixed relative to the parent and product lattices, 
actively. These are related by a rotation matrix 0 so that the 
lponents of any vector y referred to the parent basis are given
y' = 0y ... (3)
e presentation here is sim ilar to  b u t m ore general than  th a t given 
dously by L om er3 and  C hristian .10
when referred to the product basis. Using the parent basis as our 
reference, the lattice deformation D, which may be resolved into 
a rotation R  and the pure strain P, transforms a parent lattice 
vector x i into a product lattice vector y2 given by y2 =  RPxi. 
Thus, using equation (2) we obtain
y2' =  GRPxi . . .  (4)
The Miller indices [xi] and [y2'] of the vectors x i and y2' are now
given by
[xi] =  M ix i ; [jVJ =  M 2y2'  . . .  (5)
Here M i and M 2 are matrices whose columns give the Miller indices, 
relative to the parent and product lattices respectively, of the basic 
vectors of the orthonormal bases. Thus, combining equations (4) 
and (5) we obtain
[y2'] =  M 20RPMi- 1[xi]
But [yz] =  (2C1) [xi] where (2C1) is the correspondence, so that 
0RP =  M 2- 1(2Ci)M i . . .  (6)
Multiplying both sides of equation (6) by their own transposes 
and using the fact that 0 and R are orthogonal and P symmetrical 
we obtain an expression for P 2 as required. For the transformations 
in uranium it is of course convenient to place the orthonormal 
bases parallel to the orthogonal cell edges so that M a, Mg, and 
M y are all diagonal having elements a -1, b'1, c-1; A'1, A-1, C~x; 
ao-1, ao-1, ao-1, respectively.
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